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Q-system : definition

Definition

Let X be a Dynkin diagram of type ADE and | be the set of its
vertices. For a family of variables {Q,(:)\a €l,meZx>o}ina
commutative ring (like C), consider recurrences given by

(@) = TI &% +e2,0%,

bel,b~a
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We call this system the unrestricted Q-system of type X. We use
boundary conditions Q(()a) =1 for all a € [.
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Q-system : definition

Definition
Let X be a Dynkin diagram of type ADE and | be the set of its

vertices. For a family of variables {Q,(:)\a €l,meZx>o}ina
commutative ring (like C), consider recurrences given by

(@) = TI &% +e2,0%,

bel,b~a

We call this system the unrestricted Q-system of type X. We use
boundary conditions Q(()a) =1 for all a € [.

@ There is a more general and complicated definition of the
@-system associated to a multiply-laced Dynkin diagram
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Q-system : A, example

Dynkin diagram : e(1) — () — e(3) — e(4)
Use the recursion

(a))? (b)
(a) (Q"’> —[pa Qm
Q).
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Q-system : A, example

Dynkin diagram : e(1) — () — e(3) — e(4)
Use the recursion

Qr(na) 1=
’ QY
m\a| 1 2 4
0 1 1
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Q-system : A, example

Dynkin diagram : e(1) — () — e(3) — e(4)
Use the recursion

Qr(na) 1=
i Qo
mal 1 2 3 4
0| 1 11
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Q-system : A, example

Dynkin diagram : e(1) — () — e(3) — e(4)
Use the recursion

(0 I 0%

Qr(nJ)rl - Q,(.,,all

m\a| 1 2 3 4
0 1 1 1 1
1 Q{l) 0{2) Qi?’) 0{4)
) Qél) Qéz) Q§3) Q(4)
3 Q:E,l) Q§2) Q§3) Q§4)
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Q-system : A, example

Dynkin diagram : e(1) — () — e(3) — e(4)
Use the recursion

@)? _ (b)
()" =, Q&

Qr(nJ)rl = Q,(-,le

m\a| 1 2 3 4
0 1 1 1 1
1 Qil) 0{2) Qi?:) 0{4)
) Qél) Qéz) Q§3) Q(4)
3 Q:E,l) Q§2) Q§3) Q?E4)

@ Question : Fix a positive integer k > 1 (level). How can we
find (Q*).es such that Q) =1 for all a € I?
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level k restricted Q-system

For variables (Q,(,f)> with 0 < m < k and a € /, consider a system

of equations

Qéa)zl acl

2
(@) = To-s (QF) + Q2,05 1<msk-1,2e
Q¥ =1 aecl
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We call this system of equations the level k restricted Q-system.

@ It is known that there exists a unique positive solution of the
level k restricted Q-system over C.
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level k restricted Q-system

For variables (Q,(,f)> with 0 < m < k and a € /, consider a system

of equations

Qéa)zl acl

2
(@) = To-s (QF) + Q2,05 1<msk-1,2e
Q¥ =1 aecl

We call this system of equations the level k restricted Q-system.

@ It is known that there exists a unique positive solution of the
level k restricted Q-system over C.

@ Sometimes, we replace the last condition with QkJrl =0 for
each ae /.
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Rogers dilogarithm function

The Rogers dilogarithm function is defined by

L(x) = —% /OX 'Og(ly_ ) | 'i’g_(yy) dy

for x € (0,1). We set L(0) =0 and L(1) = 72/6 so that L is
continuous on [0, 1].
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L(x) = —% /OX 'Og(ly_ ) | 'i’g_(yy) dy

for x € (0,1). We set L(0) =0 and L(1) = 72/6 so that L is
continuous on [0, 1].

@ many functional identities are satisfied. For example,

L(x)+L(1—xy)+L(y)+L(11__ny)+L (11—_;;) ™ 3L(1)



Q-systems and KR modules
000@0000000

Rogers dilogarithm function

The Rogers dilogarithm function is defined by

L(x) = —% /OX 'Og(ly_ ) | 'i’g_(yy) dy

for x € (0,1). We set L(0) =0 and L(1) = 72/6 so that L is
continuous on [0, 1].

@ many functional identities are satisfied. For example,

L(x)+L(1—xy)+L(y)+L(11__ny)+L (11—_;;) ™ 3L(1)

@ shows up in many places (e.g. number theory, algebraic
K-theory, hyperbolic geometry)



Q-systems and KR modules
000@0000000

Rogers dilogarithm function

The Rogers dilogarithm function is defined by

L(x) = —% /OX 'Og(ly_ ) | 'i’g_(yy) dy

for x € (0,1). We set L(0) =0 and L(1) = 72/6 so that L is
continuous on [0, 1].

@ many functional identities are satisfied. For example,

L(x)+L(1—xy)+L(y)+L(11__ny)+L (11—_;;) ™ 3L(1)

@ shows up in many places (e.g. number theory, algebraic
K-theory, hyperbolic geometry)

@ computes central charges for some conformal field theories
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an equation from TBA and Y-system

For variables {f,Sf)\a € 1,1 <m< k—1}, consider a system of
equations given by

k—1
S C(X)aplog(l — £7) = S C(Ak1)mnlog 7).

bel n=1
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an equation from TBA and Y-system

For variables {f,Sf)\a € 1,1 <m< k—1}, consider a system of
equations given by

k—1

S C(X)ablog(l — £57) = 37 C(Ak-1) mnlog 1.

bel n=1

()
Note that £{7) = Y’”(i()oo) where (Y,g,a)(oo)) is a u-independent
14V (0)

solution of the Y-system
b
ocrball + Vi (1))
(L+ Yo () )+ Y () )
with the boundary conditions

(Y ()t = (vP(u) =0

uez

Vi (u-1) Vi (ut1) =
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TBA and dilogarithm identities for conformal field theories

Theorem (Bazhanov,Kirillov,Reshetikhin ‘87,- - -, Nakanishi ‘10)

Let X be a Dynkin diagram of type ADE of rank r and g be the
corresponding simple Lie algebra. Let (fy, (a )) be the unique positive
solution of the above such that 0 < f,,(1 ) < 1. Then

(3) kdlmg _ (k—=1)hr
222Lf VS TaE TS h+ k

ael m=1

where h denotes the Coxeter number of X.
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TBA and dilogarithm identities for conformal field theories

Theorem (Bazhanov,Kirillov,Reshetikhin ‘87,- - -, Nakanishi ‘10)

Let X be a Dynkin diagram of type ADE of rank r and g be the
corresponding simple Lie algebra. Let (fy, (a )) be the unique positive
solution of the above such that 0 < f,,(1 ) < 1. Then

(3) kdlmg _ (k—=1)hr
222Lf VS TaE TS h+ k

ael m=1

where h denotes the Coxeter number of X.

e Originated from the Thermodynamic Bethe ansatz (TBA)
calculations for some models in statistical mechanics and had
been open for many years
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TBA and level restricted Q-system

The unique positive solution of the equations

S C(X)ablog(l — £57) = S C(Ak—1)mn log £,

bel nel’

such that 0 < f,,(;") < 1 can be constructed from the unique
positive solution of level k restricted Q-system :
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TBA and level restricted Q-system

The unique positive solution of the equations

S C(X)ablog(l — £57) = S C(Ak—1)mn log £,

bel nel’

such that 0 < f,,(;") < 1 can be constructed from the unique
positive solution of level k restricted Q-system :

Q1 Qs Ty O
Q)2 Q)2

) =1
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Kirillov-Reshetikhin (KR) modules

@ Let g be a non-zero complex number which is not a root of
unity
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Kirillov-Reshetikhin (KR) modules

@ Let g be a non-zero complex number which is not a root of
unity

@ KR modules form a special class of finite dimensional modules
of the quantum affine algebra Uq(§)
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@ KR modules form a special class of finite dimensional modules
of the quantum affine algebra Uq(§)

@ The quantized universal enveloping algebra Ugy(g) is contained
in Uqy(8) as a subalgebra
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Kirillov-Reshetikhin (KR) modules

@ Let g be a non-zero complex number which is not a root of
unity

@ KR modules form a special class of finite dimensional modules
of the quantum affine algebra Uq(§)

@ The quantized universal enveloping algebra Ugy(g) is contained
in Uqy(8) as a subalgebra

o lifting of an irreducible Uq(g)-module of highest weight mw,
to an Ugy(g)-module by adding more irreducible
Uq(g)-modules (minimal affinization)
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Kirillov-Reshetikhin (KR) modules

e For given g, KR module W,S,a)(u) can be parametrized by
a€l, meZ>g, and u € C* spectral parameter
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Kirillov-Reshetikhin (KR) modules

e For given g, KR module W,S,a)(u) can be parametrized by
a€l, meZ>g, and u € C* spectral parameter

e From Ugy(g)-module W,sf’)(u), we can get a finite dimensional
Uq(g)-module res W,g,a)(u) by restriction
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Kirillov-Reshetikhin (KR) modules

e For given g, KR module W,S,a)(u) can be parametrized by
a€l, meZ>g, and u € C* spectral parameter

e From Ugy(g)-module W,sf’)(u), we can get a finite dimensional
Uq(g)-module res W,g,a)(u) by restriction
o Let Q) be the classical character of res W,g,a)(u) and then

Q2 can be written as > xep, Z(a,m, A)x, for some
Z(a,m,\) € Z>o where x) is the character of a highest
weight representation
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Kirillov-Reshetikhin (KR) modules

e For given g, KR module W,S,a)(u) can be parametrized by
a€l, me Zsg, and u € C* spectral parameter

e From Ugy(g)-module W,sf’)(u), we can get a finite dimensional
Uq(g)-module res W,g,a)(u) by restriction
o Let Q) be the classical character of res W,S,a)(u) and then

Q2 can be written as > xep, Z(a,m, A)x, for some
Z(a,m,\) € Z>o where x) is the character of a highest
weight representation

Theorem (Nakajima ‘03, Hernandez ‘06)

The classical characters {Q,(;)|a € l,m e Z>o} satisfy the
unrestricted Q-system :

2
(@) =TT &% + @2, QC.
b~a
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character solutions of the unrestricted Q-systems

For X = A,, we have Q,(,f) = Xmw, forall a€ l and m € Z>g
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character solutions of the unrestricted Q-systems

For X = A,, we have Q,(,f) = Xmw, forall a€ l and m € Z>g

For X = D,
(a) ZXkawa+ka—2wa—2+"'+k1w1 l1<a<r-la=l1l (mOd 2)7
a
Qm = Zxkawa+ka—2wa—2+“'+kowo 1 S a<r— 1, a=0 (mod 2),
X mew, a=r—1,r

where wg = 0 and the summation is over all nonnegative integers
satisfying ky + ka—o + -+ + ky = m for a odd and
ky+ ks_o+ -+ kg = m for a even.
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character solutions of the unrestricted Q-systems

For X = A,, we have Q,(,f) = Xmw, forall a€ l and m € Z>g

For X = D,
(a) ZXkawa+ka—2wa—2+"'+k1w1 l1<a<r-la=l1l (mOd 2)7
a
Qm = Zxkawa+ka—2wa—2+“'+kowo 1 S a<r— 1, a=0 (mod 2),
X mew, a=r—1,r

where wg = 0 and the summation is over all nonnegative integers
satisfying ky + ka—o + -+ + ky = m for a odd and

ky+ ks_o+ -+ kg = m for a even.

All known for classical types and partially known for exceptional

types
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using characters to solve the level k restricted Q-system

@ We can get a solution of unrestricted Q-system by specializing
characters Q,(,f) at elements of h or h*
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using characters to solve the level k restricted Q-system

@ We can get a solution of unrestricted Q-system by specializing
characters Q,(,f') at elements of h or h*

@ For a given level kK > 1, which elements can satisfy Q,Ea) =1
forallael?
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using characters to solve the level k restricted Q-system

@ We can get a solution of unrestricted Q-system by specializing
characters Q,(,f') at elements of h or h*

@ For a given level kK > 1, which elements can satisfy Q,Ea) =1
forallae l?

@ Among those elements which one satisfies Q,(na) > 0 for all
0<m<kandac!?
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Kuniba-Nakanishi-Suzuki (KNS) conjecture

Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let D) = Q,,f)(h+k) for each (a, m). It satisfies the following
properties :
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Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let D) = Q,,f)(h+k) for each (a, m). It satisfies the following
properties :

e (positivity) D >0for0<m<kandacl.
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Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let D) = Q,,f)(h+k) for each (a, m). It satisfies the following
properties :

e (positivity) D >0for0<m<kandacl.
@ (unit boundary condition) Df{a) =1foracl.
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Kuniba-Nakanishi-Suzuki (KNS) conjecture

Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let D) = Q,,f)(h+k) for each (a, m). It satisfies the following
properties :

e (positivity) D >0for0<m<kandacl.
@ (unit boundary condition) Df{a) =1foracl.

@ (occurrence of 0) Df{‘?l = D,(jzz =000 = D,(ih 1 =0 for
ael.
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Kuniba-Nakanishi-Suzuki (KNS) conjecture

Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let D) = Q,,f)(h+k) for each (a, m). It satisfies the following
properties :

e (positivity) D) >0foro<m<kandacl.

@ (unit boundary condition) Df{a) =1foracl.

@ (occurrence of 0) Df{‘?l = D,(jzz =000 = D,(ih 1 =0 for
acl.

o (symmetry) pla) — ng forl<m<k—-1andacl.
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Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let DE) = ,(,f)(ﬁpk) for each (a, m). It satisfies the following

properties :

e (positivity) D) >0foro<m<kandacl.

@ (unit boundary condition) Df{a) =1foracl.

e (occurrence of 0) Df{‘?l = D/(igz == Dghfl =0 for
acl.

o (symmetry) pla) — ng forl<m<k—-1andacl.

e (unimodality) DS)_I < DY) holds true for 1 < m < L%j and
a € | where | x| is the floor function.
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Let p=>__;w; € P the Weyl vector.

Conjecture (Kirillov ‘89, Kuniba-Nakanishi-Suzuki ‘92)

Let DE) = ,(,f)(ﬁpk) for each (a, m). It satisfies the following

properties :

e (positivity) D) >0foro<m<kandacl.

@ (unit boundary condition) Df{a) =1foracl.

e (occurrence of 0) Df{‘?l = D/(igz == Dghfl =0 for
acl.

o (symmetry) pla) — ng forl<m<k—-1andacl.

e (unimodality) DS)_I < DY) holds true for 1 < m < L%j and
a € | where | x| is the floor function.

It has been known to be true for X = A,.
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numerical example : X = D5, k =4

[1.000 1.000 1.000 1.000 1.000]

3.732 8.464 14.93 4.732 4.732

5.464 1593 33.32 7.464 7.464

3.732 8.464 1493 4.732 4.732

1.000 1.000 1.000 1.000 1.000
0 0 0 0 0

[oNeNoNolNo)
[oNeNoNolNo)
o O o oo
O O o oo
O O o oo

1.000 1.000 1.000 1.000 1.000
3.732 8.464 14.93 4.732 4.732
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from finite to affine by adding an extra vertex

For a given classical welght A=3"7_1 Aiw; € P, define its level k
affinization \ = Yoo Aiki € Py where

o P=7&y® - ®7Zd, the affine weight lattice
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from finite to affine by adding an extra vertex

For a given classical welght A=3"7_1 Aiw; € P, define its level k
affinization \ = Yoo Aiki € Py where

o P=7&y® - ®7Zd, the affine weight lattice
o Pk = Do Aidi € P| Yoiio CiAi = k} where 0 =37 ciayj
is the highest root and ¢y = 1.
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from finite to affine by adding an extra vertex

For a given classical welght A=3"7_1 Aiw; € P, define its level k
affinization \ = Yoo Aivi € Py where

o P=7&y® - ®7Zd, the affine weight lattice
o Pk = Do Aidi € P| Yoiio CiAi = k} where 0 =37 ciayj
is the highest root and ¢y = 1.

Example (X = D5, k = 4)

2
Dg ) _ X0 + Xws + X2ws + X3wy, + X4w, €valuated at hipk
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from finite to affine by adding an extra vertex

For a given classical welght A=3"7_1 Aiw; € P, define its level k
affinization \ = Yoo Aivi € Py where

o P=7&y® - ®7Zd, the affine weight lattice
o Pk = Do Aidi € P| Yoiio CiAi = k} where 0 =37 ciayj
is the highest root and ¢y = 1.

Example (X = D5, k = 4)

2
Dg ) _ X0 + Xws + X2ws + X3wy, + X4w, €valuated at hipk

- D4(ﬁo + DQL’CJQ-&-@Q + DZL:\JQ + D—2®o+3®2 + D—4(:)o+4(:12
=17

For \ € Isk, D;\ is not positive in general!
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quantum dimensions

Definition

For \ € Py, the quantum dimension or g-dimension of X is defined
by

. w(Atpla
D5 —XA< ; )— [Lososin 55
=0 (58) = e

where (+|-) is the standard bilinear form on P such that (6]|6) = 2.
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affine Weyl group

@ The affine Weyl group W is generated by sg, s1, -+, S, and
acts on P by

A

s,wj = wj- — (5,'1'01,'



KNS conjecture and the fusion ring
00008000000000000

affine Weyl group

@ The affine Weyl group W is generated by sp, s1, -+, s, and
acts on P by
S,'L:JJ' = (:)j — (5,'1'6[,'

e For a given [i € Pk, there exists a unique element X e Pk
such that w(fi + p) = A + p for some w € W,
(A + plag) > 0,Vae l and (A + plf) < k + h}.
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affine Weyl group

@ The affine Weyl group W is generated by sp, s1, -+, s, and
acts on P by
S,'L:JJ' = (:)j — 5,161,

e For a given [i € Pk, there exists a unique element X e Pk
such that w(fi + p) = A + p for some w € W,
(A + plag) > 0,Vae l and (A + plf) < k + h}.

o Let Pk = {31 o \icoi € PXI\; >0}
o For Ae P}, D > 0.
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affine Weyl group

@ The affine Weyl group W is generated by sp, s1, -+, s, and
acts on P by
S,'L:JJ' = (:)j — 5,161,

e For a given [i € Pk, there exists a unique element X e Pk
such that w(fi + p) = A + p for some w € W,
(A + plag) > 0,Vae l and (A + plf) < k + h}.

o Let Pk = {31 o \icoi € PXI\; >0}
° For5\615+ Ds > 0.
= (—1)"")D5 where w - X := w(A + p) — p
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affine Weyl group

@ The affine Weyl group W is generated by sp, s1, -+, s, and
acts on P by
S,'L:JJ' = (:)j — 5,161,

e For a given [i € Pk, there exists a unique element X e Pk
such that w(fi + p) = A + p for some w € W,
(A + plag) > 0,Vae l and (A + plf) < k + h}.

o Let Pk = {31 o \icoi € PXI\; >0}
° For5\615+ Ds > 0.
o D, 5 = (-1)™D; where w- A := w(} + p) —

° If w € W is an element of odd signature and w - \= 3\ then
D; =0.
A
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affine Weyl group

@ The affine Weyl group W is generated by sp, s1, -+, s, and
acts on P by
S,'L:JJ' = (:)j — 5,161,

e For a given [i € Pk, there exists a unique element X e Pk
such that w(fi + p) = A + p for some w € W,
(A + plag) > 0,Vae l and (A + plf) < k + h}.

o Let Pk = {31 o \icoi € PXI\; >0}
° For5\615+ Ds > 0.
o D, 5 = (-1)™D; where w- A := w(} + p) —

° If w € W is an element of odd signature and w - \= 3\ then
D; =0.
A
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WZW fusion ring

The WZW fusion ring is a free Z-module equipped with the basis
{Vi|& € P} and the product is given by

i

N? _ Z ,(1\) ; s
Al ~
H Sp.

where the fusion coefficient N:f can be computed by the Verlinde
formula

@ commutative and associative, Vg, is the unity
@ there exists an involution V7 := V-
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modular S-matrix and its properties

For a pair of weights A, fi € Pk, we consider the quantity

S35 = € 3 (-1)fW e (-2 EANEL))

7[2
weW <l
where C = —— 1% g 4 normalizing factor independent of \
|P/QY|(k+h)"
and [i
° 53@ = Sﬁi\-
S, 5p= (—-1)4wsg aforwe 7%

® Sasa =S, Ae_zw’(A‘”O'“) (A : diagram automorphism)

° 5. S;\ - where \* := —wg\ € P and wy is the longest
element of the finite Weyl group W.
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lifting up the KNS conjecture to the fusion ring

For each (a, m), we define an element W (by abusing notation)
of the fusion ring by

Wi = 3" Z(a,m NV
AeP

where Z(a, m, \) is the multiplicity of V) in the KR-module
res W,(,,a)(u) as a Uq(g)-module.
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lifting up the KNS conjecture to the fusion ring

Definition

For each (a, m), we define an element W (by abusing notation)
of the fusion ring by

Wi = 3" Z(a,m NV
AeP

where Z(a, m, \) is the multiplicity of V) in the KR-module
res W,(,,a)(u) as a Uq(g)-module.

Q: What will happen if we write W,Ef) as a linear combination of
the basis of the fusion ring?
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example : X = A3, k=3

This is easy since the decomposition is simple.

'W(l) W(2) W(3)‘ _ -
W W Vg, Vaa, Vaag
1 1 1 Vog 4o Vo +& Vog +&
o W@ pwe o o o
W21 W22 W, Viooroo,  Vaor2ms  Vao+2ms
wi) v g Vg, Vaa, Vi,
W4(1) W4(2) W4(3) _ 0 0 0
W5(1) W5(2) W5(3) 8 8 8
1 2 3
W W2 W —Vig Vig —Vig
wh W w® o o
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example : X = Ds, k =4

It's easy for a=1,4,5:

‘Wo(l) W0(4) WO(S)
W1(1) W1(4) W1(5)
W2(1) W2(4) W2(5)
W3(1) W3(4) W3(5)
W4(1) W4(4) W4(5)
W5(l) W5(4) W5(5)
W6(1) W6(4) W6(5)
W7(1) W7(4) W7(5)
Ws(l) W8(4) W8(5)
Wg(l) W9(4) W9(5)
W W i
W wd w
W

Vg,
V3go+a
Vogo+20,
Vioo+3a

Vig,

0

O OO oo

Vig,

Vg,
V3ao+as
Vogo+26a
Vioo+3a4

Vi,

0

O OO oo

Vig,

Vg
V3,4
Vogg+20s
Vio+30s

Vg,

0

O OO OO

Viags
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example : X = Ds, k =4

Fora=2and 0 < m <4,

W(2) Vac,

W(2) Viazo + Vazo+a

W2(2) = Vag, + Vagg+a, + Voa,

W( ) Vaz, + Voogta, + Voo, + V3, -2,

W(2) Vige + Voggta, + Voo, + V_sao 430, + V_sao+ae,

Let us simplify

2
W( ) V4w0 + V2w0+w2 + V2w2 + V—2w0+3w2 + V 40+40; -
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example : X = Ds, k =4

Fora=2and 0 < m <4,

W(2) Vac,

W(2) Viazo + Vazo+a

W2(2) = Vag, + Vagg+a, + Voa,

W( ) Vaz, + Voogta, + Voo, + V3, -2,

W(2) Vige + Voggta, + Voo, + V_sao 430, + V_sao+ae,

Let us simplify
2
W( ) V4w0 + V2w0+w2 + V2w2 + V—2w0+3w2 + V_ 400+40, -
The shifted action of the affine Weyl group gives
So - (—2(:)0 + 3(222) = 2007,
so - (—4d + 4dr) = 200 + ©s.
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example : X = Ds, k =4

Fora=2and 0 < m <4,

W(2) Vac,

W(2) Viazo + Vazo+a

W2(2) = Vag, + Vagg+a, + Voa,

W( ) Vaz, + Voogta, + Voo, + V3, -2,

W(2) Vige + Voggta, + Voo, + V_sao 430, + V_sao+ae,

Let us simplify
2
W( ) V4w0 + V2w0+w2 + V2w2 + V—2w0+3w2 + V_ 400+40, -

The shifted action of the affine Weyl group gives
So - (—2(:)0 + 3(222) = 2007,
so - (—4d + 4dr) = 200 + ©s.

Thus W = Vyg,.

.
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example : X = Ds, k =4

Thus, fora=2and 0 < m <4,

g Vg,
Wl( ? Vg, + Vowg+on
W | = Vag, + Voog+e, + Vag,
W3(2) Vg, + Vawgtrm + Vaa, + Ve, —2m0
) Viago + Voogra, + Voo, + Voomet3a, + Voswetan,
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example : X = Ds, k =4

Thus, fora=2and 0 < m <4,

g Vg,
Wl( ? Vg, + Vowg+on
W | = Vag, + Voog+e, + Vag,
W3(2) Vg, + Vawgtrm + Vaa, + Ve, —2m0
) Viago + Voogra, + Voo, + Voomet3a, + Voswetan,

Vi,
Viag, + Vaoagt,
= | Vag, + Vou, + Vagyta,
Vg, + Voset+an
Vg,
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example : X = Ds, k =4

Fora=23and 0<m< h+ k=12,

'W0(2) WO(3)' ]

W w® Vac,

W(z) W(3) Vg, + Voset+a,
2 2

w®  we Vige + Voo, + Voo,
3 3 Vagy + Vozgia
(2) (3) A& 2Wo+wo

W42 W43 Vg,

w®  w® 0

w® wi| = 0

|/‘/7(2) W7(3) 8
2 3

Wy Y :

M Vo 0

W W °

wo wh| b

_W12 W12 .

Viag,

Vagetan + Vae+as
Vasot2o + Vow, + Vgt +as
Vio+3ar + Voo, +a,

Vi,

0

O O O oo

Viae,
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Q-systems and KR modules

boundary of Q-system

Lemma

Let (72),c; be as follows :

Ta
A, @
& ifl<a<r—2anda=1 (mod2)
D, &o ifl<a<r—2anda=0 (mod?2)
W, ifa=r—1lora=r

Then (Vir,),c, satisfies the system of equations

(@) =TT e®, ser

b~a
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main theorem : lifting of the KNS conjecture

Theorem (L ‘13)

For each a € I, let us define R,(,f) in the fusion ring by

(@) _ W) 0<m<|4]
T kW) KB <m <k

and R(_al) = R/(<3+)1 = 0. Then (R,(,f)) is a positive solution of the

level k restricted Q-system in the fusion ring.
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main theorem : lifting of the KNS conjecture

Theorem (L ‘13)

For each a € I, let us define R,(,f) in the fusion ring by

(@) _ W) 0<m<|4]
T kW) KB <m <k

and R(_al) = R/(<3+)1 = 0. Then (R,(,f)) is a positive solution of the

level k restricted Q-system in the fusion ring.

@ this holds for all classical types.



lifting of the KNS conjecture

main theorem :

Theorem (L ‘13)

For each a € I, let us define R,(,f) in the fusion ring by
3]

(@) _ W 0<m
" Vir,(W2%) |55 < m < k

|/\ I/\

is a positive solution of the

and R) = R?; = 0. Then (RS)

level k restricted Q-system in the fusion ring.

@ this holds for all classical types.
the KNS conjecture follows as a corollary (positivity.

symmetry, unit boundary condition, ...)
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problems : positivity and periodicity

For a € I, let T, as before and o, = e=2mi(malp) | The following
properties hold :

(1] W,(na) is positive for 0 < m < t,k,
0 W = Vi, (WS") for0 < m < k,
0 W = Vi,
o
o

W/Ei)l = Wlfj—)Z == W((ka)+hv)71 =0,
W,Sqa+)n(k+hv) =03 Vi, W) for0 < m < (k+h") — 1 and
n e ZZO'

completely verified only for type A,
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problems

o Study Rep(Uq4(§)) — Rep(Uq(g)) — Fusk(g) for g generic
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problems

o Study Rep(Uq4(§)) — Rep(Uq(g)) — Fusk(g) for g generic

@ Not much known about Kirillov-Reshetikhin modules or
Rep(Uq(§)) for g roots of unity
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problems

o Study Rep(Uq4(8)) — Rep(Uq(g)) — Fusk(g) for g generic

@ Not much known about Kirillov-Reshetikhin modules or
Rep(Uq(§)) for g roots of unity

e Fermionic formula for fusion ring (for generic g, KR modules
give fermionic formulas for g)
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problems

o Study Rep(Uq4(8)) — Rep(Uq(g)) — Fusk(g) for g generic
@ Not much known about Kirillov-Reshetikhin modules or
Rep(Uq(§)) for g roots of unity

e Fermionic formula for fusion ring (for generic g, KR modules
give fermionic formulas for g)

@ what can we do for

2 I(X)ij I(X,)i'j’
z=11z""+ 117

jel j'er

for (X, X’) pair of Cartan matrices? (Q-system corresponds
to (X, Akfl))
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problems

Study Rep(Uqg(§)) — Rep(Uq(g)) — Fusk(§) for g generic

Not much known about Kirillov-Reshetikhin modules or
Rep(Uq(§)) for g roots of unity

e Fermionic formula for fusion ring (for generic g, KR modules
give fermionic formulas for g)

what can we do for

2 I(X)ij I(X,)i'j’
z=11z""+ 117

jel j'er

for (X, X’) pair of Cartan matrices? (Q-system corresponds
to (X, Akfl))
Thank you!
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