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Introduction

Definition

Let A be a positive definite symmetric r X r matrix with rational
entries, B € Q", C € Q. Consider an r-fold g-hypergeometric
series given by

LntAn+B-n+C

2
faB,c(q) = > 9

n=(ny,...,n;)E(Z>o)" (q)m ...(q)nr

where g € C with |g| < 1.

When can f4 g ¢ be modular?

‘I
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Nahm's equation

Let A = (a;j). Consider the system of equations

r

xi = L1 =)

j=1
fori=1,---,r.

@ there exists a unique real solution x = (x;) such that
O<xi<lforalli=1,---r.

e duality (A, x) — (A71,1 - x)
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Rogers dilogarithm function

The Rogers dilogarithm function is defined by

L(x) = Li2(X)+%|ogong(1—x) _ _;/OX log(ly— y)+li>g_(yy)dy

for x € (0,1). We set L(0) =0 and L(1) = 72/6 so that L is
continuous on [0, 1].
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asymptotic expansion

Let x = (x;) be the solution of x = (1 — x)” with 0 < x; < 1. As
t 0,
where

and 3,7, cm are certain numbers depending on A, B, C.

If fa.B,c is a modular form of weight k,

e k=0
e a =Y, L(x;) must be a rational multiple of L(1) = 7?/6
@ ---
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Rogers-Ramanujan identities

4. 5
T (@@ (0:0)00(0% 6o
0 p24n 1

Hg) =Y 7

= (q:q)n T (@ )o@ P

q~1/%0G(q) and q'/®°H(q) are modular. In this case, we have
modular triples

((2),(0), —1/60)
and

((2),(1),11/60)
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Rogers-Ramanujan identities

In the case of the Rogers-Ramanujan identities, the asymptotics
gives

G(), H(q) ~ exp ({Z) .

Note that the number % is a solution of x = (1 — x)2. The
number 717—; inside the exponential term is obtained from the identity

3—+5 w2 2
L( 5 >:15:5L(1).
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Andrews-Gordon identities

For two integers k, i such that k > 2 and 1 </ <k,

NZ+-o N2+ Njt+ Ny 1

> e - o L

memazo (@ (D r#0,+i (mod 2k+1)

where if 1 <j< k-1 N;=nj+---+nyandif j =k N;=0.
k = 2 recovers the Rogers-Ramanujan identities
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Andrews-Gordon identities

When k=3 and i =1,

Z qn1+2n1n2+2n2+n1+2n2 _ (q; q7)w(q6; q7)oo(q7; q7)oo
o (@) (@)ny (9)o

a modular triple
(A,(1,2),17/42)

A:@ j)

The solution of x = (1 — x)* with 0 < x; < 1 gives

where

L(xa) + L (x) = ;L(l).
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Bloch group

Let F be a field. A2F* denotes the abelian group of formal sums of
x Ay for x,y € F* modulo the relations

xAx=0
() ANy =x1ANy+x2Ny
XA (yiye) =xAy1 +x Ay

Let 9 : Z[F*\{1}] — A?(F*) be a Z-linear map defined by

I([x]) = x A (1 —x).
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Bloch group

Let A(F) = ker @ and C(F) the subgroup of A(F) generated by
the elements

R R R R ror R P
b+ 11
b+ 1]

Definition
The Bloch group B(F) of F is defined by B(F) = A(F)/C(F).
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Nahm's conjecture : statement

For x = (x1,...,x,) € F", let & = "1 [xi] € Z[F]

Conjecture

Let A be a positive definite symmetric r X r matrix with rational
entries. The followings are equivalent:

(i) For any solution x = (x1,...,x;) € F" of x = (1 — x)A, the
element &, € B(F) is a torsion element of B(F).
(i) There exists a modular triple (A, B, C).
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Nahm's conjecture : status

@ rank 1 case : complete classification (Zagier)

A B C

2 | 0 |-1/60
2 | 1 |11/60
1 | 0 |-1/48
1 | 1/2 | 1/24
1 |-1/2] 1/24
12 0 |-1/40
1/2 | 1/2 | 1/40

e counterexamples found (Vlasenko and Zwegers)

@ open problem : fix the conjecture !
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Kronecker product of two Cartan matrices of type ADET

Let us consider matrices of the form A = C(X) ® C(X')~! where
C(X),C(X’) are Cartan matrices of type A, D, E, T. Why?

@ rank 1 case
@ integral matrices in rank 2 case
o Andrews-Gordon identities has matrix A = C(A;) ® C(T,)~!

2 2 2 2 2
2 4 4 4 4
C(A))®C(T,) =12 4 6 6 6
2 4 6 :
2 4 6 - 2n

@ connections with other mathematics like cluster algebras



Dilogarithm function and Y-system
©0000000

the dilogarithm function

Definition
The dilogarithm function is defined by

Liz(z) = —/OZ log(1 = ¢) 4,

t

for z € C —[1, 00).

For |z| < 1, we have the following power series for the dilogarithm

function :
n

Lia(z) =Y %

n=1
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Bloch-Wigner dilogarithm

Definition

The Bloch-Wigner dilogarithm function is given by

D(z) = Im(Li2(2)) + log|z| arg(1 — z).

@ D(z) is a real analytic function on C except at 0 and 1, where
it is continuous but not differentiable.

e D(z) = —D(z), it vanishes on R.

@ functional equations :

D(x)+ D(1—xy) + D(y) + D(11:>g/
D(x)+D(1—-x)=0
D(x) + D(5) =0

)+ D(£%) =0
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functional dilogarithm identities

Suppose that we have a set S of rational functions
fi € C(y1,- - ,yn) such that

STHEAL—£)=0€NClyr, -, ya)".
f,eS

Then > ¢ D(fi[x) is independent of x € C".
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regulator map

The Bloch-Wigner dilogarithm D(z) can be used to define a map

D:B(C)—R
§= Z nilxi] = D(§) = Z”iD(Xi)

Let F be a number field of degree r; + 2r> over Q (1 real and 2r,
complex embeddings). Then

B(F)/(torsion) — R"™

£ (D(01(¢)), -+ D(0n()))

is an isomorphism onto a lattice of finite covolume.
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Y-system:definition

Definition
For a family of variables, {Y;(u)|i € I,i" € I',u € Z}, the
Y-system Y(X, X’) associated with a pair (X, X") of ADE Dynkin
diagrams is defined as a system of recurrence relations as follows :
[Tjes (1 + Yir ()2
Z(X")ir
[yer (1+ V() )"0

Yir(u—=1)Yjr(u+1) =
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Y-system : Y(Ap, A1) example

Vi(u = 1)Yi(u+1) = [+ Yj(w).

Juji
u Yi(u) Yo (u)
-1 I X
(0%
0 y B
1 |a(p+1) 2
2 x+y+1 a a+1l
xy B
3 atl x+1
af y
4 X %
5 [31 y
+




Y-system : Y(A,, A1) example

) )

{ y+1 x+y+1 x+1}
S=4xy,
Xy y

er=2h=3andr =1,h =2.
@ all of them are Laurent polynomials in x and y.
e functional dilogarithm identities

a
> ()
aes 1+a

() ) ()
x+1 y+1 x+y+1
* )

x+y+1 x+1
L|————————— |+ L ———
xy+x+y+1 X+y+

1
s

N

M|
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Y-system : properties

e periodicity (Keller) : Yi(u+2(h+ #H)) = Yi(uv)
@ Laurent property

@ constancy condition (Nakanishi)

Y Yi(u) AL+ Yi(w) = 0 € AQ(y)".
(i,u)€5+
@ functional dilogarithm identity

ot (M) = hrr'L(1)

(i,u)€5+

(i,u)€S+

or,
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ADET Cartan matrices and torsion in the Bloch group

Let A= C(X)®C(X')~1 where (X, X') is a pair of Dynkin
diagrams of type ADET . For every solution x = (x;)ic| of the

equation x = (1 — x)* in a number field F, & =Y
torsion element of the Bloch group B(F).

iclx] is a
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sketch of the proof

The system of equations x = (1 — x)* can be rewritten as

[T =TI = ). 0,1 e 1.

Jj'el’ Jjel

1 . — X . — Yi — 1
Use the change of variables y; T—x OF X = 13, Ty T

L et _ L ey
H(i) J _H(1+yj,,)

—1
e LYy el

[ (1 + yjir) T
[Ler(T+ Y;J71)_C(X/)"j'
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sketch of the proof

This can be written as

2 LX)
1 (1+ yin)? = e/ (1 + 7O .
" ]-_[j/GI’ (]. +yU/ )

This is just the constant Y-system

[Tjes (1 + yjir) "X

Z(X");a "
-1 i’
Hj’el’ (1 Yijr )

2 _
Yiir =

This implies

Y D(o(x)) =0
icl

forany o: F — C.
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from Nahm's equation to Q-system

By applying the change of variables

Xijt = | | J,/

Jjel

T =TI = ), (i) e

Jj'el’ Jjel

to

we get another system of equations

Z(X)jj I(X/)[/-/ ..
ziy = szi'( i 1 H z; (i i) el

jel J'er
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Q-system : definition

Let X be a Dynkin diagram of type ADE. For a family of variables

{Qi(a)|a € I,i € ZZ%}, consider recurrences given by

(67) =TI (") + 00 (o)

bel

We call this system of recurrence equations the unrestricted
Q-system of type X. We use boundary conditions Q(()a) =1 for all
ael.




Solving Nahm’s equation and Q-s;
0080000000

level k restricted Q-system

We call the following system of equations

Qoa) -1 ael

N2 Z(X), g 3 .
(Q,'( AN (Qi(b)> "+ Q/(f)lQi(Ql l<i<kael
Qka) -1 ael

(4.2)
for variables (Q,-(a)> with 0 </ < k and a € | the level k restricted
Q-system of type X.

(X, k) corresponds to (X, Ax_1) pair of Dynkin diagrams.
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character solution of the unrestricted Q-systems

For X = A,, we have Q,-(a) = Xjw, for a€ I and i € ZZ° and they
satisfy the unrestricted Q-system of type A,.

For X = D,,
() Zxkawa+k37201372+"'+k1w1 I<a<r—-1la=l1l (mOd 2)7
a
Qi = ZXkawa+ka—2wa—2+~-+kowo I<a<r-1la=0 (mOd 2)7
X mw, a=r—1r

where wp = 0 and the summation is over all nonnegative integers
satisfying k; + koo + -+ ky = i for a odd and
Ka+ ka2 4+ -+ ko = i for a even.
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Kuniba-Nakanishi-Suzuki (KNS) conjecture

Let z,.(a) = Q,.(a)(ﬁpk) fora€ | and i € Z=0. It satisfies the
following properties :

e (positivity) z,.(a) >0for0<i<kandacl.
° (symmetry)zi( —z,E) forl1<i<k-—1andac€l.
@ (unit boundary condition) zk =1forael.

e (unimodality) z,-(j)l < z,-(a) holds true for1 < i< m=|%]| and
a € | where | x| is the floor function.

e (occurrence of 0) Zk+1 = 12‘22 =-- ,((?h ,=0foracl.

It has been known to be true for X = A,.
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KNS conjecture : X = D, case

The KNS conjecture is true for X = D,. Moreover, Z/Ejz p =1 for
1<a<r—23ndz,((+h)—z,£2h—j:1.

key ingredients : the affine Weyl group symmetry of quantum
dimensions of affine weights

implication to Nahm's conjecture : solutions of Nahm's equation
landed in the modular tensor category!
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example : X = D5, k =4

Fora=1,45and 1 <i<h+ k=12,

ORI,
1 1 1 _ i
P S O Divoter  Daaotas  Dagoras
zél) z§4) Z§5) Dogot2en  Docyr2cs  Dawot20s
n @ 5 Doo+3sr Daptsos  Dao+ans
I Dy, Dy, D
(1) (4) (5)

Zy Z Z5 0 0 0
zél) zé4) zés) _ 0 0 0
) 0 0 0
@ 6 0 0 0
@ 5 0 0 0

zg) zg) zg 0 0 0
OO G

IO 0 0 0
ZiyT Zi1 24 Dacy Dae, Dags
(1) (4) (5)

412 Z12° 412
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example : X = D5, k =4

Fora=23and1<i< h+ k=12,

23
1 1
252) 22(3) Dagy + Doggtsn
L2 0) Dazy + Daw, + Daggtan
3 33 Dazy + Dagyras
(2) (3)
% 4 Dy,
RONE :
5 5 0
26(2) zé3) _ 0
BORS 0
EONC 0
@ B 0
Zy ) 0
Y
(GG 0
B o L Dac
412" 212 |

D3yt + Dot
Dogo+2a + Dazy + Dyt +65
Dgo+30; + Do+
Dy,

0

O O O oo

Dag,
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future directions?

@ cluster algerbras
@ wall-crossing invariants
@ quantum dilogarithms

@ categorical interpretation of Nahm's equation
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Thank you!



