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ABSTRACT. Let k = (k,l,...,l) with k& > [. In this paper, we
give an explicit formula for the differential operator which sends
M;_2(Sps,,(Z)) to Sk(Sp,(Z))®Sk(Sp,,(Z)). As an application, we
give an algorithm for computing the special value of the standard
L-function at s =1 — n — 2 of a Hecke eigenform in Sk (Sp,,(Z)).
Moreover, we apply our differential operator to produce a congru-
ence between vector-valued cuspidal Hecke eigenforms.

1. INTRODUCTION

For a non-increasing sequence k = (ky,...,k,) of non-negative in-
tegers, let My(Sp,,(Z)) be the space of modular forms of weight k
for Sp,(Z) and Sk(Sp,(Z)) its subspace of cusp forms. In particu-
lar, if k = (k,..., k), we simply write M (Sp,,(Z)) = My(Sp,,(Z)) and
Se(Sp,(Z)) = Sk(Sp,,(Z)). Let £ = (l3,13,...) be a finite or infinite
sequence of non-negative integers of depth m. (For the definition of
depth, see Section 2.) For integers ni,ns > m and a positive integer
ko, put kl = (ll + k‘o, c. ,lnl + ko),kg = (ll + ]{?0, c. ,ln2 + k‘o), and let
Dk, £.n, m, be the differential operator

Mk()(SpnlJrng (Z)) — Mkl (Spnl (Z)) ® Mkz(Spn2 (Z))>

whose precise definition will be given in Section 3. In this introduction,
we focus on the symmetric case n; = ny = n.

Let us consider the scalar-valued case, that is, the case [y = --- = [,,.
If kg = 1,,, this is just the restriction of the function on Hs,, to H,, x H,,
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and the case kg < [, is more interesting. This type of differential
operator was investigated by [4, 6, 9], and plays an important role in the
arithmetic of modular forms. Indeed, by using this type of differential
operator we can obtain the special value of the standard L-function at
a non-rightmost critical point (cf. [19]), and give a criterion for the
congruence of modular forms in terms of such standard L-values (cf.
[18, 20]). Moreover, we can check Ikeda’s conjecture on the period of
the Tkeda-Miyawaki lift very smoothly (cf. [11]).

' m n—m
Now let us consider the case kg = [—vand k = (k,... k,l,... 1), £=

m
A\

M) o= (k—l+v,..  k—l+v,7 .. D) withk>1>1—v >0 In
the case v = 0, an explicit formula for D, y©) ,, Was given in some
cases (cf. [2, 5, 10, 21]). This is also interesting and important.

However, we remark that D yo) ,, ,(Mi(Spy,(Z))) is not contained in
Sk(Sp,,(Z)) ® Sk(Sp,,(Z)). Now we are interested in the case v > 0
and k > [, since it is expected to play the same role as in the scalar-
valued case. Indeed, in [8], we gave an explicit formula for ID;_, ¢ 29
in the case (k,l,v) = (14,10,2),(21,11,1),(21,11,3), and obtained
the non-rightmost critical values of the standard L-function of vector-
valued Siegel modular forms of genus 2 (see also [12]). We obtained this
result by solving a system of linear equations derived from the pluri-
harmonicity of homogeneous polynomials, case by case. This method
is very powerful, and in principle, given v, A, n concretely, we can ob-
tain an explicit form of D,_, y) ,, involving . However, at present,
it seems difficult to extract from this procedure a closed formula that
applies uniformly to general n for given [ — v and A¥).

On the other hand, Kozima [22] gave such a differential operator by
another method. To be more precise, let Dy, , be Bocherer’s (unre-
stricted) differential operator (cf. (3.1)). Then Kozima showed that

D, x@) n.n can be expressed as

n—m

m n—m

~ ~ ~ A -~ ——
D)) nm = Diamm 0 Dy, with A= (k—1,...,k—1,0,...,0).

Strictly speaking, the proof was given only for m = 1, but the argument
extends without difficulty to the general case. An explicit formula for
D; A nn is well known as discussed before. Therefore it suffices to give
an explicit description of the operator Dy, .

In this paper, we treat the case v = 2 systematically and give an
explicit formula for D,y ,,,, (cf. Theorem 3.13 and Corollary 3.14).
As an application we give an algorithm for computing the special value
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of standard L-function at s = [—n—2 (the next rightmost critical point)
of a Hecke eigenform in Sy (Sp,,(Z)) (cf. Corollary 4.3, Proposition 4.4)
and give such values in the case n = 3 (cf. Theorem 5.3). Moreover, we
produce a congruence between cuspidal Hecke eigenforms (cf. Theorem
5.5). The proof of Theorem 3.13 relies on a careful analysis of several
operators in [4].

For our purpose, it suffices to know D, (exp(2my/—1tr(AW))) for
a half-integral matrix A of size 2n, where W = (w;;)1<i j<on € Ha,. Af-
ter dividing by exp(2my/—1 tr(AW)), this is a polynomial in w; ;,, (1 <
i,7 < n) of degree vn with coefficients in Q. Even for v = 2, the full
polynomial is complicated; however, its reduction modulo 7 is suffi-
cient for our application and is relatively simple (cf. (3.7), (3.8), and
(3.9)), where J is the ideal of Q[w; 4, (1 < i,j < n)] generated by
Wiy, j14+n Wiy jo+n — Wiy, jo+nWis j14n (1 < Z‘17 Z‘27]‘17]‘2 < n)

We note that a more systematic method is given in [10]. Using it,
for a general £ and ky, we can obtain an explicit formula for Dy, ¢, if
one knows an explicit formula for a certain polynomial F, attached to
£ (cf. [10, Theorems 3 and 4]). It would be interesting to try to prove
our formula using this approach.

This paper is organized as follows. In Section 2, we review a basic
fact about Siegel modular forms and the Hecke theory for them. In
Section 3, after reviewing the differential operators in [4, 6, 5, 22, 8],
we give an explicit formula for 151_2’/\(2>7n7n (cf. Theorems 3.3 and 3.13).
This section is the technical heart of this paper. In Section 4, we give
a formula for the standard L-values based on the pullback formula for
the Siegel-Eisenstein series (cf. Corollary 4.3). In Section 5, using the
results in Sections 3 and 4, we give exact values of the standard L-
functions at the next rightmost critical points of Hecke eigenforms of
genus 3, and give examples of congruence between two cuspidal Hecke
eigenforms.

We thank Siegfried Bocherer and Tomoyoshi Ibukiyama for valuable
comments.

Notation. We denote by Z, the ring of rational integers, and by
Q, R, and C the fields of rational numbers, real numbers, and complex
numbers, respectively. Moreover for a prime number p, we denote by
Q, and Z, the field of p-adic numbers and the ring of p-adic integers,
respectively. We also denote by ord,, the normalized additive valuation
on Q, and write e(z) = e*™V~1* for z € C.

For a commutative ring R, we denote by M,,,(R) the set of (m,n)-
matrices with entries in R. In particular, put M,(R) = M,,(R). For
an (m,n)-matrix X and an (m, m)-matrix A, we write A[X] ='XAX,
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where !X denotes the transpose of X. Put
GL.(R)={A € M,,(R) | det A € R*},

where det A denotes the determinant of the square matrix A, and R*
denotes the unit group of R. Let S,(R) denote the set of symmetric
matrices of degree n with entries in R. Furthermore, for an integral
domain R of characteristic different from 2, let H,,(R) denote the set
of half-integral matrices of degree n over R, that is, H,(R) is the set
of symmetric matrices of degree n whose (i, j)-component belongs to
R or %R according as ¢ = j or not. If S is a subset of H,(R) with R
the field of real numbers, we denote by S~ (resp. S>o) the subset of
S consisting of positive definite (resp. semi-positive definite) matrices.

For square matrices X and Y we write X LY = ()(f }0/>

2. SIEGEL MODULAR FORMS AND HECKE THEORY

In this section, we review basic facts about Siegel modular forms and
the Hecke theory for them in [2, Section 2,3] with a little modification.
We denote by H,, the Siegel upper half-space of degree n, i.e.,

H, ={Z € M,(C) | Z="Z = X +V—=1Y, X,Y € M,(R),Y > 0}.

For any ring R and any positive integer n, we define the group GSp,,(R)
by

GSp,,(R) = {g € My, (R) | gJ,.'g = v(g)J,, with some v(g) € R*},

where J, = ({" 3'"). We call v(g) the symplectic similitude of g. We
also define the symplectic group of degree n over R by

Sp,.(R) = {g € GSp,(R) | v(9) = 1}.
In particular, if R is a subfield of R, we define

GSp, (R) = {g € GSp,(R) | v(g) > 0}.

We put '™ = Sp, (Z) for the sake of simplicity.

Let A = (kq, ko, .. .) be a finite or an infinite sequence of non-negative
integers such that k; > k; 1 for all ¢ and k,, = 0 for some m. We call
this a dominant integral weight. We call the biggest integer m such
that k,,, # 0 a depth of A and write it by depth(A). It is well known that
the set of dominant integral weights A with depth(\) < n corresponds
bijectively to the isomorphism classes of irreducible polynomial repre-
sentations of GL,(C). We denote this representation by (pn.x, Vir)-
We also denote it by (px, Vi) with k = (k1,...,k,) and call it an ir-
reducible polynomial representation of GL,(C) of highest weight k.
Moreover, we write k' = (k1 — ky, ..., kn_1 — kn,0). Then, we have
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Y

px = det" @p with (p, Vie) an irreducible polynomial representa-
tion of highest weight k/. Here we understand that (py, Vie) is the
trivial representation on C if ky = --- = k,_1 = k,,. We fix a Hermitian
inner product (x, %) on V' = Vi such that

(o (), w) = (v, p("G)w)  for g € GL,(C),v,w € V.

Now we define vector-valued Siegel modular forms of I'™. For any
V’-valued function F on H,, and for any g = (4 5) € GSp,(R), we
put J(g,Z) =CZ + D and

Flolg) = n(J(g,2)) " F(g2).

From now on we identify p. with det™ ®@pw. We say that F is a
C>-modular form of weight px or k with respect to I'™ if F is a
C*-mapping from H,, to V' satisfying the following condition:

Fl,.[y] = F for any v € I'™.

We denote by M2 (I'™) = M22(I"™) the space of C*-modular forms
of weight p, with respect to I'™. We say that an element F of
M2(Ir™) is a (holomorphic) modular form of weight py if F is a
holomorphic mapping from H, to V' and has the following Fourier
expansion

F(Z)= Y a(T,Fle(t(TZ), ZecH, a(T,F)eV
TE€HR(Z)>0
where tr(7) is the trace of a matrix 7. We note that I has the above
Fourier expansion automatically if n > 2. We denote by M, (I"™) =
M, (I’ (M) the space of modular forms of weight px with respect to
'™, We say that F' € M, (I"™) is a cusp form if we have a(T, F) = 0
unless T is positive definite. We denote by Sy (I'™) = S, (I'™) the
subspace of M, (I"™) consisting of cusp forms.
For F,G € M°(I'™) the Petersson inner product is defined by

(F.C) = / o (V) VT)G(2) den ()7

where Y = Im(Z) and VY is a positive definite symmetric matrix such
that v/ *— Y. This integral converges if ' and G are slowly increasing

——
and at least one of them belongs to S, (I'™). If k = (k,... k), we
simply write My (I'™) = My (I'™) and S(I'™) = Sy (I'™).
Now let £ = (I1,...,l,) be a dominant integral weight of length n of
depth m. Then we can realize the representation space V; in terms of
bideterminants. Let BD, be the set of all bideterminants of weight £.
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For a commutative ring R and an R-algebra S let S[U], denote the
R-module of all S-linear combinations of P(U) for P(U) € BD,. For
the definition of bideterminants, see [2], [14] in general case.

Here, for our later purpose, we explain the case £ = ([,0,...,0)
precisely. In this case BD, is the set of monomials uj" ---ul" of de-

gree [, and S[U]g is the R-module of homogeneous polynomials in

uy,...,u, of degree | with coefficients in S. Let V = V, = Q[U],.
Then, (pe|GL,(Q), V) is a representation of GL,(Q), and V @ C = V.
We consider a Z-structure of V,. To do this, we fix a basis S = S, of
Z|Ulg. For example, in the case £ = (I,0,...,0), the set of monomials
of degree | can be taken as a basis of Z[U],. We note here that the
bideterminants are not linearly independent over C and even over Z in
general, so the set BD; is not necessarily a basis of Z[U],. Let R be a
subring of C. Since the set S is also linearly independent over C, an
element a of R[U], is uniquely written as

a= ZapP with ap € R.
PeS
Let K be a number field, and O the ring of integers in K. For a prime
ideal p of O and a = a(U) = Y pcgapP € K[U], with ap € K, define

ordy(a) = win ord,(ap).
We say that p divides a if ord,(a) > 0. For a subring R of C, we

denote by M (I"™)(R) the R-submodule of My (I"™) consisting of all
modular forms F' such that a(T, F) € R[U]y for all T € H,(Z)>o.

n—m
Here, k' = (kl — km+17"->km — km+170>-"70> for k = (kla-"akn)
with ky > -+ > ky, > k1 = -+ = k, as stated before. We can

define tensor products of modular forms, which will be used on and
after Section 4 . For the details, see [2, Section 2].

Now we review the Hecke theory for Siegel modular forms following
2]. Let L, = L(I"™ GSp} (Q) N My,(Z)) be the Hecke ring over Z for
the Hecke pair (I'™, GSp?(Q) N May,(Z)), and L,, = L(I'™, GSp; (Q))
be the Hecke ring over Q for the Hecke pair (I'™, GSp}(Q)). As for
the definition of the Hecke pairs and the Hecke rings, see [1, 3.1.2]. For
k= (ki,....k,) € Z" with ky > --- >k, > 0 and F € M (I'™) the
action of T" on F' is defined as

F’T _ y(g>k1+---+knfn(n+1)/2 Z Flpk97
g9

and call it the Hecke operator. From now on, we identify 7" with the
operator F' +— F|T on My (I'™). We define the elements T'(p) and
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T;(p?) of L, in a standard way (cf. [1]). We say that a modular form
F € M (I'™) is a Hecke eigenform if F is a common eigenfunction
of all T € L,. In this case, we denote by Q(F) the field generated
over Q by all the Hecke eigenvalues of T' € f,n, and call it the Hecke
field of F. We say that an element T" € L, is integral with respect to
My (I™) if FIT € My (I'"™)(Z) for any F € M (I'™)(Z). We denote
by L% the subset of L, consisting of all integral elements with respect
to My (I'™). From now on assume that k, > n + 1. Then we have
L, C LY and for any Hecke eigenform F € My (™) and T € LY,
Ar(T') is an algebraic integer (cf. [2, Propositions 3.1 and 3.2]).

3. DIFFERENTIAL OPERATORS

In this section, first we review the differential operator on modular
forms following [4, 6, 5, 10, 22|, and next we give an explicit formula for
the differential operator which sends M;_o(1'?™) to Sy (I'™) @S, (I"™)

n—1
——
with k = (k,7,...,0).

Let
In,T:{i:(il,...,ir)EZT]1§i1<---<z’r§n},

and we define the lexicographic order on Z, , in a usual way, that is,
fori = (iy,...,4,) and j = (j1,...,Jr) € I, we write i > j if there

is an integer 1 < s < r + 1 such that 7; = ji,--- 151 = Js_1 and
1s > js. Here we make the convention that iy > j; if s = 1 and that
ihn=j1, i = jr if s =1+ 1. For an element i = (iy,...,i,.) € Z"

we denote by supp(i) = {i1,...,4,} and by |i| = i1 + --- +4,. For
ieZ,j=17° we write u(i,j) = #(supp(i) Usupp(j)) and c(i,j) =
#(supp(i) Nsupp(j)). Fori € Z,,,j = Z, s we denote by iU j (resp.
iNj) the element of 7, ;) (resp. Z,uaj) such that supp(iUj) =
supp(i) Usupp(j) (resp. supp(iNj) = supp(i) Nsupp(j)). Here we write
inj = 0 if supp(i)Nsupp(j) = 0. IfiNj = 0, iUj is written as iLJj. For an
element i € Z,,, and a € 7, ; such that supp(a) C supp(i), we denote
by i\a the element of Z,, ,_ such that supp(i\a)Usupp(a) = supp(i). In
particular, we write i° = (1,...,n) \iforie€ Z,,. Let (ki,..., k1) =
alb with a = (iy,...,i) € Z,,,b = (J1,...,Js) € Zs. Then we
denote by €(a, b) the sign of the permutation ¢ in r + s letters such
that

o(ks) =

la forl <a<r
Jooy forr+1<a<r+s
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For a commutative ring R we define

MIm,p»In,q(R> = {(ast)seIm,p, teT, 4 Ust € R},
and in particular,
MIn,p (R) = MInﬂp,Inﬂp(R)-

We note that Mz, | 7, (R) is the set of m x n matrices My, ,(R) with
entries in R. For A = (ast)stez,, € Mz, ,(R),B = (byy)s ver,, €
Mz, ,(R) we define an element AN B of Mz, . (R) as

AMB= (Cs,t)S,tEIn,pﬂ’

where .
Cst = Tpray Z 5(8/, S,/>as/7t/bs//’t//,
( p ) s'Ut'=s,t'Ut" =t
For an n xn matrix A = (a;;) and i = (i1,...,4),j = (J1,-- -, Jr) € Ly

put A(;) = det (aia,jb)lga,bgr’ and

A= (403)) e,

We sometimes write A(ﬁ;:) instead of A( ((;1;:)) ) We note that

/—’Tﬁ
Al =AU U A.
We also define Ad"' A as

AdMA::<dLFkQJﬂA<ﬁ>>

Moreover put E;; = (5i,a5j,b)

1Lj€Zn,r

aber. o and in particular, put E;; =
g n,r

(61-,@5]-,,1) reaben’ Here d;4 = 1 or 0 according as a = i or not, and
_a7 _n

the others. We note that A = 1, A"l = det(A), Ad™A = 1 and
that if 0 < r < n, then Al'l is a matrix such that each component is a
homogeneous polynomial of components of A of positive order. As for
precise properties of these operators see [4].

Let W = (wjj)1<i j<on be a matrix of variables with w;; = wj;, and

: _ 0 _ (+%5) o o\ _ :
we wiite 9 = Fio = =g, and (57) = (0)1< e, Write

ARV ,
W = (t212 Zz) € Hy,, and put 0; = aizl = (az‘j)lgi,jgn, Dy = a% _

2

P . .
(04 j+n)1<ij<n, and Oy = 3z = (Oin,j+n)1<ij<n We sometimes write

Z = Zy and 0y = 8%, and denote by z;; the (i, j)-entry of Z, where
1<i,j<n.
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We use the notation in [4] or [6] and we put

A= 2. (_1)b<Z> Zo (1 2P ay) Py (Adr oy )y,

a+b=q

and following [6], we define

Dia= Y (1) (Z) Co(a —n+ 1/2)A(r, q).

r4+q=n

For non-negative integers v and «, we define D7, | as
14
(31) Dn,a = Dn,a—l—u—l S Dn,cx—i—l o Dn,a'

Remark 3.1. The definition of D,,, and Dy, , are different from those
in [4] or [8]. More precisely,

Dpo = (—=1)"Chp(ar —n+1/2)D,

and therefore

v—1
Dy, = ()" [[Cula—n+i+1/2)D,

=0
where D, and D are the differential operators in [8, Section 7).

The operator Dy, , maps C*°(Hy,, C) to C*°(Hy,,C) for any non-
negative integer v. Let T be an m x n matrix of variables. Then we
say that P(T) is a polynomial in 7' if it is a polynomial in ¢;; (1 <
i <m,1 < j<n). In particular, let T = (¢;;)1<ij<m be a symmetric
matrix of variables. We say that P(7') is a polynomial in 7" if it is a
polynomial in ¢;; (1 <i < j <m).

We note that we have

(3.2)
O (exp(tr(S;Z:))) = ST exp(tr(S;2,)) for S; € S, (C) with i = 1,4
and

(3.3) O (exp(tr(S22))) = (S2/2) exp(tr(S52)) for S, € M, (C).

In particular, for S = ({Z} 22)
2 4

(3.4) O (exp(tr(SW))) = S exp(tr(SW))



10 T. IKEDA, H. KATSURADA, AND C.-H. LEE

Zy Z

Therefore, for f(W) = exp(tr(TW)) with W = (tZ 7
4

Son(R), Dy, ,(f) can be expressed as

) € H,,, T €

(3.5) Do) =D PiunalT, 2)f,
1=0

where P, ,, o(T, Z) is a homogeneous polynomial in Z of degree ¢ with

coefficients in Q. Therefore, for f(W) = exp(2mv/—1tr(TW)), we have
,D;/L,a(f> = (2rv—-1)"" Z Pi,V,n,Oz(Ta Z)f.
i=0

Let £ = (l1,[3,...) be a finite or infinite sequence of non-negative
integers of depth m. For integers nqy, no > m and a positive integer kg >
max(nl, ng), put k1 = (ll +k0, N lnl +k0), kg = (ll —|—k0, ey ln2 —|—/{I0)
Then by [10, Theorems 3 and 4], there exists a unique differential
operator, up to a constant multiple, that sends

My, (D™ 2y — My (D)) @ My, (I'"2).

We denote it by ﬁko,&nl,ng- It is investigated by [10] in the general case.

In this paper we restrict ourselves to the case ny = ny = n,ky =
m

l—v,l =X = (k—l+4v,.. . k—1l+v,7..,D) with ¥k > [ and
m n;—m ‘
put k; = (k,...,k,[,...,0) for i = 1,2. In particular, we put k =
m n—m .
(ky... k... 1) if ng =ng =n.

Let A = (7{ —l,... k- 7, 0,...,0) and (py, , Vi, 2) be the polynomial
representation of highest weight A as in Section 2, and put Vj ,, n, =
Vi ax®@ Vi, A Let Dy 5 5, 0, be the differential operator in [2, Proposition
5.2]. In [2], this operator is denoted by D, ,, n,, but actually depends
on (k,l,n1,ns).

The differential operator D  ,, n, is @ mapping from C*(H,, 1,,, C)
to C°(H,, 4nys Vanyme). The restriction of Dy, n, to H,,, x H,,, sends
My(DM+m2)) to My, (I'™)) ® My, (I'"), and in particular, it sends
Sy(rm+n2)) to Sy (I'™)) @ Sy, (I'™2). Therefore we can write it as
Dy, animg- Let Dy be the differential operator defined in [4] which maps
C*(Hy,, C) to itself. Then, as stated in Section 1, for a non-negative
integer v, we can take I,_,, @), ,, as follows:

(3.6) Diyx) o (F) = Dirn © D2y ().
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In particular, its image is contained in Sy (I'™) ® Sy (I'™) if v > 0.
This can be easily proved by [4, (29b), (31)].

Throughout the rest of this paper, for integers £ > [ > 0 and v >
0, we put A = (k—1,0,...,0) and \*) = (k=1 +wv,v,...,v). Let
W = tZZI ZZ € Hs,, where Z; € H,,,Zy € H,, and Z € M,(C).

4
As stated in Section 2, we realize V,,, ® V,,\ as Clu|x ® C[v], with
u = (u1,...,u,) and v = (vy,...,v,). Then, as D, , , we can take the
following differential operator:

]ﬁ)l,)\,n,n = (((k - 2>!)71
(k=1)/2
k—p—2)" , 8 . .0,
u "
% Z G- ez ez

(9
% (ua_Zt,U)kfl72u> |Z:O_

Remark 3.2. We note that this coincides with (l)k_lzl’k_l‘zzo, where

(Dm =TI (I+7—1) and LU= ig the differential operator defined in
8, Page 1313]. (See also [5, (2.7)].)

Then the following formula holds.
Theorem 3.3. Let W = (fz ZZ) € Hsy, be as above. For any T =
(er2 5 € SnlR) put F(W) = e(tx(TW)
Qi) mn(Tiu0) = ((k—2)) ™

o 2 k #_2) t t \L
IV A At Bl

x (uRMw)Ft= 2“_2Pi,u,n,l—l/(T7 (Ua¥b)1<a,b<n,)-
Then we have
Dy rmn © Dy () = Cav=1) """Q_ ) mn(Tsu,v)e(tr(AZy + BZy)).
Here we make the convention that ("uRv)” =0 if v < 0.

Proof. The assertion follows directly from (3.5) and the following lemma.
U

Lemma 3.4. Let the notation be as in Theorem 3.3. Put
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Moreover, for a positive integer my and non-negative integers e;j (1 <

i,j < n) such that 32, i, ei; = mo, put Eng(Z) = iy jen i’
Then for any non-negative integer m we have

07 (1, 0)" (Emal(2)F(W) ) |70 = (2mv/=T)™ ™
y { m! (URtU)mfmo ngi,jgn(Uiuj)eije(tr(Azl + BZ4)) me > my

(m—mp)!

0 otherwise

Proof. We have

9200 (En 2007) = 3 ()t ) € (200" (),

We easily see that

r mo! i<nlUug)ifr=m
0z (u,v) (gm0<Z))}Z:O - {0 ’ ng = ( ]> otherwis?%

Thus the assertion holds. O

From now on we mainly consider the case v = 2, and write P, (7, Z) =
Pionol(T,Z) if there is no fear of confusion. Let Z be an n x n
matrix of variables. Then, for T € Sy,(R), there is a polynomial
A(r,n—r,T)=A(r,n—1r,T)(Z) in Z such that

A(r,n —r)(exp(tr(TW)))
=A(r,n—nr,T)exp(tr(TW)) = A(r,n — r,T)(Z) exp(tr(TW)),
Zy Z
tzy 7,

To give an explicit formula for D3 ,(f), we recall the following lemma
(cf. [4, (15)].

where W = ( ) € H,,, with 7, Z, € H,,.

Lemma 3.5. Let W = tZZl ZZ e My, with Z,,Z, € H,. Let
4

g(W) =exp(tr(AZy)) h(Z, Z,) with A € S, (R)so and h(Z, Z) a holo-
morphic function of Z and Zy. Then we have

Alr,n—1)(g) = (AZ(0y — 0,47 0y) T al)) (g).

A R/2

In particular, for T = (tR/Q B

) € S9,(R) with A € S,(R)so, we

have

A(r,n —r,T) = AZ(B —Y(R/2)A"Y(R/2))"" 1 (R/2)I.
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Theorem 3.6. Let f(W) = exp(tr(TW)) with T € S3,(R). Then

-y e (M) (")

r=0 s=0

X Crla+1—-—n+1/2)Cs(a —n+1/2)

X A(r,n —r1) (A(s, n—s, T)f)

Lemma 3.7. (1) Let A = (ai,j)i,jeln,r and B = (bi,j)i,jEZn,n_r' Then
-1
n -
ANMB = B Y L T
(")) 3 oo
1Lj€Ln,r

(2) Let r,s,t be non-negative integers such that r + s+t =n. Let
Ay, Ay, B,C and Z be n X n matrices. Then

(A1 ZA) n BE m el = zW m (tAd= A, (B m o)y'Ad" =" A,).
In particular,
(A1 ZA) N Bl = ZU m ("Ad A (B AQ T 4,).

Proof. The assertion (1) is clear by definition. We prove (2). Since
both sides of the equality in question are polynomials in the entries of
Ay, Ay, it suffices to prove in the case det A; # 0 and det A; # 0. Put

H =z (Ad 4, (BY nchyad— A,).
Then
det A; det Ao H
= (A7 AP (21 (tAd A (B N oA A, ) (AY) m AR
= (A7 ZM AT n (A7 A A ) (B N o) (A 4,45 T)

Since we have A[lnfr]tAd[”_T]Al = det A; and tAd["_ﬂAzA[z”*r] = det A,,

we have
det A; det AyH = det A det Ay(A 210 AUy (Bl m 1),
This proves the assertion. U

From now on for an n x n matrix A and i,j € In,r,i’,j’ €l,s, we
make the convention that
i)
A(j\j') =0

unless otherwise supp(i’) C supp(i) and supp(j’) C supp(j).
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Lemma 3.8. Let A € S,(R)sg and p > 1. Let oy < --- < o, and
b1 <---<B.. Then

(a0, (2(505)) =0,

Proof. Since (*0,A710y)lP! = (*0,A710,)P~ 1 11 (*0a10) M for p > 1, it
suffices to prove the case p = 1. Put A™! = (a};). Then the (4, )-th
component of (10, A710,)1 is

82
ay ,————.
kz,l k’lﬁzkﬂ-azl,j
The assertion is clear if » = 1. Suppose that » > 2. Since each

-----

term of Z (%ig:) is expressed as a sum of monomials of the form
Zog B Raa,pe With gy # 4 for k # [, we have

Z aj, 6—2 <Z<a1""var>> —0
k.l o azk,zaZl’Z BB — U.

al,...,0p

Suppose that ¢ # j. Since Z ( By B ) is expressed as a sum of polyno-

mials of the form (242, — Zaj2bi) Z < i%i%:%igff;)), we have

., 0 <Z<a1 ..... a>) 20
a —
k,l azk,iazl,i B, Br
if and only if @ = k and b = [, and hence it is aj ;. On the other hand

* 0?2 [e3 PYRRRIe 2 _ * *
for such a, b, a“ﬂw(z( B1yeesBr >) = —a;, = —ay,;, and hence

0z
0? 0? e
a; +a) (Z< e T>> =0.
( k’lazk,iazl,i l’kazz,iazk,i) Pronbr
This proves the assertion. U

Let J be the ideal of C[z;; (1 <i,j < n)| generated by z;, j,Ziy.j» —
Zin i1 Zings (1 <iip < <m, 1 < gy < ja < ).

Lemma 3.9. Let m = 0 or a positive integer greater than 1. Then,
for any P € J we have

0 \m
iui——) (P)|z=0 = 0.
(Zvujazij) (P)|z=0
Z?]
Proof. The assertion is clear if m = 0. By Lemma 3.4, it suffices
to prove the assertion for P(Z) = (2i1j,2iss — Zis.j1 Zir.e)@(Z) with
1 <iy <ig<n,1<j; <js<nand Q(Z) a homogeneous polynomial
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in Z of degree m — 2. Without loss of generality we may assume
’él = jl =1 and ig = jg =2. Put A = 211222 — 212721 and

0
7) - ;211%87”

Then by the Leibniz rule for the differentiation,

m m ) .
m A — 1 A m—1 .
e =3 (7)Par@
Since A is a homogeneous polynomial of degree 2, we have P{(A) =
0 for i > 3 and P*(A)|z=0 = 0 for i < 1. Hence

P (AQ)|z-0 = 2P*(A)|z-0P™ *(Q)| z-0-

Put ) )
0 0

=P2_9 )

e=7r (52’118222 * 52’128221%“”21}1”2

Then clearly we have

Q(A) =0,
and by a simple computation,
0? 0?
A) = 0.
(82115222 * 82125221)( )
that is, P?(A) = 0. This completes the proof. O

For i =0,...,2n let E,Q(T, Z) be a homogeneous polynomial in Z
such that

(3.7) P (T,Z)=P,(T,Z) mod J.
Let f and T" be as in Theorem 3.3. Put
(38) Qvl—Q,)\@),n,n(T; u, U)

= ((k=2))7"

on (k=1)/2
2 2O Ekl_—/;u_ —2)¢!>!m (Al'u] BL'v])"

X (uR)F27P o (T, (ugh)1<apen)-

Then, by Lemma 3.9, for f(IW) = e(tr(TW)), we obtain a modification
of Theorem 3.3:

(3.9) ]ﬁ)l)\,n,n © Dz,l—z(f)
= (2mV =1 Q@ (T u, v)e(tr(AZy + BZy)).
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We now seek an explicit formula for P, (T, Z) satistying (3.7).

Let a = (ay,...,a,) € I, and i = (i1,...,45) € I, s with 1 < s <
r < n. Suppose that supp(i) C supp(a). Then we have i, = q;, with
1 <l <rforany 1 <k <s. Then we define n(a;i) as

n(a;i) = (—1)h T,

If supp(i) ¢ supp(a), we put 77( i) =1. Let R = (rij)1<ij<n € M, (Z)
and A € H,( )>0 Write A™! = (a}.), and for a,b € Z,, we define

’LJ

Z Eiy( Z aZ,ln(a;k)n(b;i)z(E‘b\\lﬁ)rU

s s tR — R
)[ }Ad[ ](B — 714 15) = (Si,j>i,j€In,sa

and for i,j € Z,,,,—s—; with [ > 0 such that s +1 < n put

-1
n (n—s—1)!
Sn—s,n—s—l(T; Z)Lj = (’I’L _ S) on—s—l

x Yy (=D )n(b; ) Z (1)) Sacbe
a,bel, ns
and
Sn—s,n—s—l(T; Z) = (Sn—sm—s—l(T; Z)LJ)

lvjel—n,n—s—l ’
The matrix Sy, _sn—s—i(T; Z) is an element of Mz, (Q) and its com-
ponents are homogeneous polynomials of Z of degree [ with coefficients
in Q. In particular, the components of S,,_s,,—s(1"; Z) belong to Q, and

we sometimes write S,,_s(T") = Sy—sn—s(T; Z). Moreover put
no\ n—s—1)
Qn—s,n—s—l(T; Z)i,j = ( ) 2” 1(271—5,1)

n—s

(2 Uit ka2 (55 )see)

aybel-n,nfs
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fori,j € Z,,,,—s—; with [ > 1. We note that Q,—sn—s—i1(T;Z);3 is an
n X n matrix with entries in homogeneous polynomials of degree [ — 1
over Q. We note that

n—s on—s=2

-1
Qn-sin—s-2(T; Z>i,j:( n ) y1(n—s-2)!

_1\atietiti (s .85 . .. . N
(> ¢ (G105 Zia o + G0 i

(11,92),(J1,J2) €Zn,2

— 0111 0j 4o Zinjn — 5i7i25j7jlzi1»j2>S(iu(il7i2))67(ju(j17j2))c> N
1<i,j<n

fori,j € Z, ,—s—2. Here we make the convention that s, i))e, (UG ,j2))e =

0 if i (iy,42) # 0 or j N (41, jo) # 0. We define CF! (Z(ﬁ)) as

C!lsl <Z<ﬁ>) = <S—i77(a§ i)n(b;j)Z(a;))i,jezn,;

Lemma 3.10. (1) We have

o (2(z)) ~n(e().

(2) Let A € S,(R)so and g(Z) = exp(tr(RZ)) with R € M,(R).
Then

(L9, A=18,)1 <gZ (g) )
_ igZ (2) (tRA-IR)
#y0 (ainwiz (315)) 4t

+ ig tRA_l(T](aﬂ)??(b?j)Z <§§;) >1§i,j§n'

Proof. The assertion (1) can be proved by a simple computation. By
the Leibniz rule for the differentiation,

(L9, A18,) 1 (g A <§) )

— g0, 47'0)" (7 (g) )+2 (2) (10,A7'0,) Y (g)

+ 10y (Z (f;) )A*laz(g) +105(g) A1, (Z (f;) )



18 T. IKEDA, H. KATSURADA, AND C.-H. LEE

We have

1 1
82(9) = §Rg7 ta2(g> = §th7

1
(‘0,A710,)(g) = J'RA™" Ry,

and by Lemma 3.8 we have

(Bp A~ L0y)1 (Z (E) ) ~ 0.

Hence, by (1),

(0, A~ 10,) Y <g Z (E) )

1 A\ tp -1\

+g'ct(z (E) JAT R+ g tRATICY (2 @) ).

This proves the assertion. O

Corollary 3.11. With the notation of Lemma 3.10, we have

(0,471 0,)1 (g2 (f;) ) = }L(tRA‘lR)[”Z (3) g+ %Q[” (2 (3) )g.
A RJ2
‘R/2 B

(1) Write Ad[T]A(g)MAd[T](B — %LtRAflR) = (S(T)i,j>i,j€In,r' Then
A(r,n —r,T) can be expressed as

Alr,n—rT) = ( " )_1 Z (—1)‘a|+|b|Z<§)S(T)ac’bc.

n—r
a,bely n_r

Proposition 3.12. LetT = ( ) € S (R) with A € S,,(R) <.

(2) Forl >0, we have

aglisi” (A(S7 n—s, T)) = Sn—s,n—s—l (T, Z) = Z Sn—s,n—s—l(T; Z)i,jEi,j>

ivj eI”n,,'n.fsfl
and in particular,

aén_S] (A(Sv n-—as:, T)) = Sn—s(T)
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(3) Let g(Z) = exp(tr(RZ)). Then
(AZ('@A_l@g)m nolr = (A(s,n — s, T))) g

> ((AZ(tRA—IQn_S,n_S_l(T; Z) + ' Qusnst(T; 2)AT R 1 Em)g

ivjEIn,n—s—l

1
+5 (AZRA'RI NS, . s(T; 2))g

N | —

Proof. By Lemma 3.7, (2), we have
A(r,n —r,T) = 20 (S(r)ig)ige, -

Thus the assertion (1) follows from Lemma 3.7, (1). The assertion (2)
1

follows from Lemma 3.10. Put ¢(n,s,l) = ( " ) (g;f:_ll)!. Then, by

(2), we have )

(AZ ("0, A7 0) N M (B (A (s,n — 5,T))g)
=c(n,s,1) Y (=1)RHPlg

a,bezn,n—s

< Y (AZ(tagA_lag)m(n(a;i)n(b;j)Z (a;) g)I_IEiJ.

i:j ez—n,nfsfl

By Lemma 3.10, (3), we have
(AZ (0,47 3,) (2 a\i 9) = Lpairz (20,
S b\j 4 b\j

+ =f(n(a\i;0)n(b\ j;4)Z (§§; s;) Ji<ij<nAT'R

N = N

F 3 @ E D\ DZ () s

We note that

tnsd) Y R RiGsinZ (50 )) o B

iijIn,nfsfl

= (RAT'R)I NS, (T, Z)g.

This proves the assertion (3). O
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Let T = (%@2 Ré2) € S9,(R) with A € S,,(R)s¢. Fori=0,1,2

define a polynomial P, (7, Z) in Z as follows:

n

Poo(T,2) = (~1)"Cula + 1 —n+1/2) 3 (~1)° (Z) Oyl —n+1/2)

s=0

y ( " )sn_s,n_sm R/,

n—s

—_

n—

Pro(T, Z) = (—1)"C(a+ 1 —n+1/2) (1)5(Z>Cs(a—n+1/2)

W
I
o

X< s >Sn_s’n_s—1(T;Z)|_|(R/Q)[S—H}

n—s—1
n

+(=1)"'nChi(@+1=n+1/2) ) (~1)° (Z) Cys(la —n+1/2)

s=1

% <" - 1> (AZ(B — itRAlR))[” S s s(T) 11 (R/2)15

n—s

+(=1)""'nCpy(+1—n+1/2) ”Z; ( ) O‘_”H/Q)(niio

1
><< > (GAZ'RATQu e (T)ig) 1 By 11 (R/2)1

i7j eIn,n s—1

bY hAZQu DA R B (/).

i,jEIn7n75 1

|
—

n

Poo(T, Z) = (~1)" "nCpr(a+1-n+1/2) Y (- I)S(Z)C’S(a—n+1/2)

i
o

—1 1
X ( " 1) (AZ(B — ZtRA—lR))[l} M Snsms1(T; Z) 1 (R/2)H
n—s—

n—s—2

e -un S ey (ee-nen (L)

s=

1 _ s
X ( > (GAZRATQu e oo(T3 Z)ig)" 1 By 11 (R/2)

iajezn,nfsf2

1
Y (5AZQuosns (T )y AT RN N By 1 (R/2)51),

i’jEIn,n7572
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Then JBW(T , Z) is a homogeneous polynomial in Z of degree i.

Theorem 3.13. Let the notation be as above.
(1) Suppose that i > 3. Then

P,T,Z)=0 mod J.
(2) Fori=0,1,2, we have

Po(T, Z) = Bo(T, Z) mod J.
Proof. Let f(W) = exp(tr(TW)). For two matrices V1(Z), V5(Z) with
entries in polynomials in Z, we write
Vi(Z) =Va(Z) mod J
if all the components of V;(Z) — V5(Z) belong to J. In this case, we
also write V1(Z)f = Va(Z)f mod Jf. Since

Ar,q)(Da(f)) =0 mod J f

for any ¢ > 2, we have

D o(f)
— ((—1)”C’n(a —n+3/2)A(n, 0)( (=1)° (”> Cs(a —n+1/2)A(s,n — s, T)f))

S
s=0
+ (=1)"Ch_1(a —n +3/2)

n

% Aln — 1, 1)(2(—1)8 (Z) Culo—n+1/2)A(s,n — s,T)f))> mod J f.

s=0

We have
A(n,0)(A(s,n—s,T)f) = 8&"} (A(s,n—s,T)f)

N (nf z) (A (s,n — s, 7)) 1AV (§).
=0

We have
25 (f) = (R/2)1f.

Since A(s,n —s,T) is a homogeneous polynomial of Z of degree n — s,
we have

8£n_l](A(s, n—s,T))=0forl <s,
and by Proposition 3.12, (2)

agn_”(A(s,n —8,T))=Sp—sn(T,Z) for | > s.
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Since we have S,,_s,—i(T,Z) =0 mod J for [ > s+ 2, we have
(3.10)

A(n,0)(A(s,n—s,T)f) = ( " )Sn_s,n—s—l(T, Z)M(R/2)s+1 f

n—s—1

+( - )&PWPxTwwumef mod J f,

n—s

and the first and the second terms of the right-hand side of (3.10) are
homogeneous polynomials in Z of degree 1 and 0, respectively. We
have

A(n—1, 1)(A(3, n—s, T)f)

= ((42(0s = "4 3)) " N 01 ) (A(s,n = 5,T) )
- ((AZ84) M 8%”71]) (A(s,n—s,T)f)

~ ((aZ'0,47 05) 1AL (A(s,n = 5,T) ).

Again, by Proposition 3.12, (2), we have

)&ﬂwmﬂzqumW”f

_( 1 ]
=( " 1) Snsm—sr(T, Z) 1 (R/2)1 f
+ (Z - i) Snens(T, Z) M (R/2)Ef mod JF.

Hence we have
(3.11)

<(AZ84) M 8£n_1}> (A(s, n—s, T)f)

n—s—

_ ( n-l 1) ((AZB)M N S or (T, 2) 11 (R/2)M) £

n—s

+ (" B 1) ((AZB)M M Snsns(T, Z) N (R/2)E"N)) f mod Jf,
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and the first and the second terms of the right-hand side of (3.11) are

homogeneous polynomials in Z of degree 2 and 1, respectively. We also
have

(3.12)

((AZ'0,47205) 05 ) (A(s,n = 5, T)) S
(Z B i) ((AZ'0,470,) o) (A(s,n — 5, 7)) 1 (R/2) 7 f
+ (n ﬁ;i 1) ((Az'0a7 02) L") (Als,n — s, 7)) 11 (R/2)1 f

(n :i 2> ((Aztazfrlag) M ag"*H}) (A(s,n — s, T)) 11 (R/2)f mod Jf
We have

(3.13) ((AztaQA—laz) M a;”—sl) (A(s,

n—s,T))M (R/Q)[S_l]f
— i(AZtRAlR)[l} M Snfs,nfs(T) | (R/Q)[sfl]fj

and it is a homogeneous polynomial in Z of degree 1. Moreover, by
Proposition 3.12, (3),

(3.14)

((AztaQA—laQ) M ag"—s—”) (A(s,n— s, 7)) 1 (R/2)1f

;l(AZtRA—lR) RS, cns(T,Z)1(R/2)1 f
+% > (AZ'RATQuognosa(T): DU ET(R/2)M S
i,jEZn,n,S,1
1
+ 5 Z (AZth—s,n—s—l(T)i,jA_1R> ] 1 Ei,.i [ (R/2)[S}f’
ijEIn n—s—1
)
(AZ'9,A"0,) Mok 2])(A(s,n—s,T))I‘I(R/Q)[S“] f
5 Y (AZRATQu (T 2)9) " N By N R/
i,jezn7n7572
1 t [s+1]
5 > (AZ'Quosmsa(T)i5A” RN By (R mod T
i,jGIn’n,sfz
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The first and the second terms of the right-hand side of (3.14) are
homogeneous polynomials in Z of degree 2 and 1, respectively, and both
terms of the right-hand side of (3.15) are homogeneous polynomials in
Z of degree 2. This completes the assertion. U

Corollary 3.14. Let f and T = (t;ﬂ RéQ) € Son(R) be as in Theorem
3.3 with A € Sy(R)so. Put

Quzn@ na(Tiu,0) = (k= 2)1)7"
2 (k=1)/2

2 2 OV Ekl_—/;u_ —2);>!m (Al'u] BL'v])"

x (R TP (T, (uah) 1<a,p2n)-

Then
Diann © D io(f) = V=D ""Q_y y1 (T 0, v)e(tr(AZy + BZy)).
Proof. The assertion follows from Theorem 3.13 together with (3.8)

and (3.9). O
7 :
Corollary 3.15. Let W = ty Z) € Hy, with Z1,7Z, € H,,,Z €
4
Mo(C) and T = (.5, ") € Son(R) with A, B € S,(R), R € My,(R)

and put f(W) = e(tr(TW)). Let 5271_2 =D’ slz—0. Then we have
D2y o(f) = Pora((e %) Je(tr(AZy + BZy)).

Remark 3.16. An explicit formula for 57%_2 was already given in [11,
Proposition 4.6] in another way.

4. PULLBACK FORMULA FOR THE SIEGEL-KISENSTEIN SERIES

In this section we review the pullback formula for the Siegel-Eisenstein
series following [5, 22]. For an even positive integer [, we define the
Siegel-Eisenstein series E,, ;(Z, s) of degree n as

Eni(Z,s) = Yneroro (M, Z)7 (det(Im(M (2))))*

Z € H,,s € C), where '™ = ') er®Y This series
0, =

converges for 2Re(s) +1 > 2n+ 1 and is continued meromorphically to
the whole plane as a function of s, and belongs to M (I (")), Moreover,
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it is finite at s = 0, which will be denoted by E,;(Z). As for the
holomorphy of E, ;(Z) as a function of Z, see [26]. We put

/2]
B (Z)=¢(1—1) [] ¢(1 =20+ 20)E, ().
=1
Then put
(4.1)

Slfu,)\(”),n,n(Z17Z2> = (E;nl u)(ZhZQ)?

! D
(27T\/__1)nu+k—l =\

where ]IA)/)Z,M@)’”’” is the differential operator defined in (3.6), and 73, Z, €
H,,.
n—1
Now for a Hecke eigenform F € Sy (I'™) with k = (k,1,...,1), let
L(s, F,St) be the standard L-function of F', and for an integer r, put

l-n—r—1
A(r, F8t) = (=" [T Calr+i+1/2)
1=0
n(n+2)+2—2nl—r(n+1)—m r(n+1)/2 PlLi—r—n TTP—1 [(2042j—2n—1)
2nin D ()= (—1)rm /2 l(li—l)! j=1 F(2l+;—n—2)
s D(U+D/2= DT (k) /2=1/ DT (=) (k- —n—1)
F()T(—1/2) T (I~ 1) (k+1-2)

F(T + n) H F(QT +2n — 2])7rnz+k z+r(n$)F§2+1)/2(F )’

where
p—1l n

o= TJ(-1+n+G—1/2-10).

i=0 j=1
(For a precise definition of the standard L-function, see, for example,
2, Section 3].)

Remark 4.1. For a Hecke eigenform F in Sy (I'™), let ¢(F) denote
the constant defined in [22, Page 263] with the substitutions & +— I,
l— k —1, and m — r. Then we have

l—n—r—1

A(r, F,St) = (=1)"= T Culr+i+ 1/2) (D

=0

C(1—=r—n)JJ¢ —2r—2n+ 2j)c(F).
7=1
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Then it is known that A(r, F, St) belongs to Q(F) if p(n) <r <[—
and r =n mod 2, where
3 ifn=1 mod4andn >1,
p(n) = .
1 otherwise,

and all the Fourier coefficients of F belong to Q(F) (cf. [4, 24, 22]).

Let Fi, ..., Fy be a basis of Sk( ) consisting of Hecke elgenforms
and let Fd+1, ..., F. be a basis of the orthogonal complement of Sy (™)
in My (I"™) consisting of Hecke eigenforms. Then the following propo-
sition for k& = [ has been proved in [11, Theorem 4.3] using the pullback
formula for the Siegel-Eisenstein series in [6], and in general case it can
also be proved in a similar manner using [22] and taking Remarks 3.1,
3.2 and 4.1 into account.

Proposition 4.2. Let v be a non-negative integer such that | —v =0
mod 2, andn+3<l—vorn+1<1[—v according asn =1 mod 4
or not. Then we have

gl v, () nn(Zl7 ZQ)

—ZAZ—I/ n, F, St)(Fi(=Z,) ® Fi(Z,)) ZG 7)) @ Fi(Zy),

=1 Jj=d+1
where G is an element of My (I'™), and in particular, if v > 0, then
G; = 0.
Write &_, \e) nn(Z1, Z) as
gl—u,)\("),n,n(Zh Z) - Z gl—u,A(”),n,n(Zv A)e(tr(Azl))
AEHH(Z)ZO

For an element P = P(uy,...,u,) = ZZ
Vo with ¢;, €C, put P = >

in>04i1 4 i =k—1

cyin>04i1 i =k—1

~~~~~~

Corollary 4.3. For an element A € H,,(Z)~o, we have

Grovr) (2, A) = ZAZ—V n, F;,St)a(A, F,)Fy(Z)

+ Z Cj’AFj<Z)

j=d+1
where c; o 1s a certain element of V,, x. Moreover we have c; o = 0 for
anyd+1<j<eifv>0.

Proof. This is a consequence of Proposition 4.2. O
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For an element A € H,,(Z)>0, G\ nn(Z, A) can be expressed as

(42) gl—u,A(“),n,n(Zv A) - Z Cl—v A nn (A7 B) e(tr(BZ>>

BGH’VL (Z)ZO

with ¢, o) nn(A, B) € Vox ® Vi x. For our later purpose, we give a
formula for ¢, , \w) (A, B).

Proposition 4.4. For any A, B € H,(Z)~o, we have
Cl—p (v (A B)

Z Ql 1/)\(”) nn((ﬂ?/z RBKQ);U7U>G<<’51?/2 RéQ)’ ;’ﬂvl—l’>’

ReM,(

where Ql_y7/\(u)7n7n s the polynomial in Theorem 3.3. In particular, if
v =2, then

Cl—2.2 pn n(A B)

Z Ql 2)\()nn<(t1?/2RB{2);u7/U>a<(t$2Ré2)7 ;n,l—2>a

Re M, (Z)
where @1_27“2)’”@ is the polynomial in (3.8).
The following lemma will be used to prove Theorem 5.5.

Lemma 4.5. For elements A, B € Hn(Z)>0, ¢;_y\) nn(A, B) belongs
to (Vor ®@ Vo) (K), and in particular, if p is a prime number such that
p >k +1, then it belongs to (Vi @ Vo x)(Zgy).

Proof. The assertion follows from Proposition 4.4 and [2, Proposition
6.5]. O

5. APPLICATIONS

In this section we give exact standard L-values for some vector-valued
Hecke eigenforms of degree 3 and give congruences between them; see
Theorems 5.3 and 5.5. Supplementary Mathematica notebooks are
available at [25] (see the directory
applications/Ikeda-Katsurada-Lee-2025-differential-operator).
These notebooks implement Proposition 4.4 together with (3.8) to com-
pute the coefficients ¢;_, \w) (-, ) in the case n = 3, v = 2, and
A = (k—1,0,0). The Fourier coefficients of the Siegel-Eisenstein se-
ries are computed in these notebooks using an explicit formula for the
Siegel series [7, 17].
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Let ¢ be a prime number and F € M) (I'®). In general, a(A, F|T(q))(u1, ug, u3)
is given by

a(A, F|T(q))(u1, uz, uz) = a(qA, F)(uy, ua, uz)

8 2 a(q™ AID), F)(q(us, vz, us) D7)
DeGL3(Z)(q12L1)GL3(Z)/GL3(Z)
i 3 a(q A[D], F)(q(uy, us, ug) DY)

DeGL3(Z)(gL12)GL3(Z)/GL3(Z)
+ ¢* Ca(qg7 A, F) (ur, us, ug).

10 1/2 1 0 0
Let Ay = [ 0 1 1/2| and 4y = [0 1 1/2 For A €
1/2 1/2 1 0 1/2 1

{A;, Ay}, we have

a(A, F|T(q)) (w1, ug, uz) = a(qA, F)(u1, uz, u3)

+q° > a(q~ A[D], F)(q(ur, us, uz) 'D71).
DEGLs(Z)(ql2L1)GL3(Z)/GL3(Z)

To write a(A, F|T(q))(uy, ug, us) explicitly for ¢ = 2,3 and for the
matrices Ay, Ay, we fix the following coset representatives:

100 100 100 300
Lo=|1 20|, z,=(0 2 0|, Lo=|1 2 0], M=]01 0
00 2 10 2 102 01 3

For a,b € Z we also define

h

)

(=

|

S
o wo
w oo
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With these representatives, we can write a(A, F|T(q))(u1, ug, us) ex-
plicitly for ¢ = 2,3 and A € {A4;, Ay} as follows:
(5.1)
a(Al, F]T(Q))(ul, U2, Ug) = CL(2A1, F)(ul, Ua, Ug)

+27%a(27 Ay [ Lo, F) (2(ur, uz, uz) 'Ly '),
G(AQ,F|T(2))(U,17U27U3) = a(2A27 )(ul,U27U3)

2l 32 1A2 )(2(“1’U27U3) tL{l)’

a(Ar, FIT(3))(u1, ug, us) = a(3Aq, F)(u1, uz, us)

+ 31-3 > a(37 As[Lay), F) (3(u, us,us) 'L3)
(a,b)=(-1,1),(0,1),(-1,-1)
+ 3l_3a(3_1A1 [Ml], F) (3('LL1, Uz, Ug) tMl_l),

CL(AQ, F|T(3))(U,1, Uz, U3) = (1(3142, F)(Ul, Uz, U3)
+ 31_3a(3_1A2 [Ml], F) (3(U1, Ug, U3) tMl_l) .

Let k = (k,l,1) and A = (k—1,0,0). Let V;IA) (resp. V}s(f\)) be the space
of homogeneous polynomials in wuy, us, ug (resp. in vy, vy, v3) of degree

k —1. Let

F = F(Zuy,us,u3) = Y a(A, F)(uq, up, uz)e(tr(AZ))
A

be an element of Sy (I"®). Then, F can be regarded as a mapping from
Hj to V).

Let us consider the case (k,l,1) = (16,10,10), (16, 12,12), (20,8, 8)
(cf. [3, Table 3]). In all these cases, dim S ;) (I"®) = 2 and is spanned
by two Hecke eigenforms F; and F,. To construct them, we first obtain
two auxiliary forms in Sy (I"®) by the pullback method, which are not
necessarily Hecke eigenforms, and then write F} and F3 in terms of
these forms.

To describe their construction, let A € H3(Z)~¢ and, as in Section
4, define

Gi_ox® 33(Z, A)(u1, ug, us, v1,va,v3) € V;»,(i\) ® S (I'®).

For any (by, by, b3) € C3, its specialization at (u1, ug,uz) = (b, ba, b3)
lies in Si(I"®). We shall henceforth write

GA(Z)<’U1, V2, U3> = gl_z)\(z)’3’3<Z, A)(l, 1, ]., U1, V2, ’U3).

Now consider the two specializations G 4, and Gg4,.
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Proposition 5.1. The two forms G4, and G4, are linearly indepen-

dent, and form a basis of Si(I'®).

Proof. Note that the B-th Fourier coefficient of G4 is given by
c1727/\(2>7373(A, B)(1,1,1, vy, vq, v3)

as in (4.2).
For A, B € {Ay, Ay} set

Ca = (¢gn@s3(Ai, 4;)(1,1,1,1,1, 1))19-,]52

and compute it explicitly with the aid of Mathematica (cf. [25]) using
Proposition 4.4. The results are given in Table 1 below. In particular,

TABLE 1. The 2 x 2 matrix Cq for three weights k.

k Ca

128550275 37738575

2

(167 107 10) 3773’,2@575 90794844)

120297398571 6004811043

8

(16,12,12) 6004811043 188635073022

53922613 4998311
(207 87 8) 49895863811 25%%%?81)

2856 7616

det Ce # 0 in each case (see also Table 1), hence G4, and G4, are
linearly independent. As the space S (I'®) is two-dimensional in these
cases, they form a basis. O

Next, for a prime g, we compute the matrix My, of the Hecke

operator T'(q) with respect to the ordered basis {G4,, G4, } of Si(I'®).
Using (5.1), we first compute the Fourier coefficients of G 4,|T(¢) and
Ga,|T(q) at A; and Ay and obtain the matrix

Carrgg) = (a(Ai, G4, T(q))(1, 1, 1))19’,3‘52
given in Table 2 below. The following relation holds:
Ca Mr) = Car(g)-
Consequently, the matrices My, are given by Table 3 below.

By diagonalizing the above matrices My, we can write down T'(p)-
eigenforms F; and F; in Sy (I (3)) explicitly as linear combinations of
Ga, and Gg,. The coefficients ¢;,d; in F; = ¢G4, + 2G4, and
Fy = d1G 4, +dyG 4, are given in Table 4. Once we have the explicit ex-
pressions of I} and F3, we can compute their Fourier coefficients at A;

and Ay by using the matrix Cg above. Since Ap, (T(q)) # Ar,(T(q)) in
all three cases, and all Hecke operators commute with 7'(q), each Hecke



AN EXPLICIT FORMULA FOR SOME DIFFERENTIAL OPERATOR

31

k, q

Cair(g)

(16,10,10), ¢ =2
(16,12,12), ¢ =2

(20,8,8), ¢ =3

273143581200

1779907893120

(1779907893120 11190327386112)
6431460509205144  4152056017386816
4152056017386816 17465090828955264

<345670315668 13651687188)
2

13651687188

13194153261

TABLE 2. The 2 x 2 matrix Cgp(q) for three weights k.

k7 q MT(Q) on {GA17GA2}
6516864 __ 183762432
(167 10, 10)7 q=2 6788560 177385 )
277 277
47946816 27371520
(16> 12, 12)7 q=2 96050 9590876
113 113
5219796384 157593600
(207 8, 8): q=3 (_4516833929600 80751384 )
1577

83
TABLE 3. The 2 x 2 matrix Mp,) for three weights k.

operator preserves the two 1-dimensional T'(¢)-eigenspaces. Hence F}
and F, are Hecke eigenforms, not just 7'(q)-eigenforms. Thus, with
G4, and G4, in hand, we now construct a Hecke eigenbasis F}, F5.

Remark 5.2. In case k = (20,8,8), we have Ap, (T'(2)) = A, (T(2)).
Since T'(2) does not distinguish F; and F», we work with 7(3) instead.

k (16,10,10) (16,12,12) (20,8,8)
u = (uy, ug, ug) (1,1,1) (1,1,1) (1,1,1)

(Cl 02) (_ 2 349 ) ( 16 13 ) (_ 91392 814912)
(d ’ d ) _203%‘5?9657 307%8@64) _315532%945’ 104125325185 (_272&877 %gg%Si
(iéi 2F )( ) 9704695 1940939 39844671237 15368658903 37351’823122895

a 1, 1)U _
a(Ay, F1)(u) 844 54 —57
a(Ay, Fy)(u) —1745 13 107
a(Ay, Fy)(u) —1512 528 228
q 2 2 3
Ar (T(q)) 129600 430272 61998048
A, (T —2304 78912 1863648
Gf;l(l (C?zx))(u) 128550275 120297398571 53922613

) 1 16 8 8568
a(Ay,Ga,|T(q))(w) | 273143581200 6431460509205144 345670315668

TABLE 4. Summary of explicit numerical data.
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Now we consider the standard L-values A(s, F;, St) for i = 1,2.
Theorem 5.3. Let Fy and Fs be as above. Then

L k = (16, 10, 10)
A(l =5, F,St) =  E5ILTB e — (16,12, 12)
LBk = (20,8,8),
and
Tl k = (16, 10, 10)
A(l =5, F,St) = ¢ ETISILB0L | — (16,12, 12)
S35 k = (20,8,8).

Proof. Corollary 4.3 implies that
(5.2)

2
C—21(2 33 (Av B)(uv U) = Z A<l — 5,15, St) CL(A, E)(u) CL(B, F,)(U),
i=1

Specializing to A, B € {A;, Ay} and evaluating at (ug, us,us) = (1,1,1)
and (v, v9,v3) = (1,1, 1), we obtain an over-determined system of lin-
ear equations for the two unknowns A(l —5, Fy, St) and A(l —5, F3, St).
Using the Fourier coefficients listed in Table 4, we find that the system
is consistent, and the standard L-values can be obtained by solving
it. O

Let ' and G be Hecke eigenforms in My (I'™). Let K be an alge-
braic number field of finite degree containing Q(F) - Q(G), o its ring of
integers, and p a prime ideal of 0. Then we write

G = F modp
if
Aa(T) = Ap(T) mod p for any T e L&,
Lemma 5.4. Let Hy, Hy be Hecke eigenforms in My (I'™). Let K be

an algebraic number field of finite degree containing Q(Hy) - Q(H,), o
its ring of integers, and p a prime ideal of 0. Let

G=G(Z) =) a(A Ge(tr(AZ)) (a(AG) € V)

be an element of My(I'"™)(0). Suppose that

(1) G can be expressed as

G= ClHl ‘I"CQHQ with C1,C2 € K.
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(2) For some Hecke operator T,
Ay (T) = Ay (T)  mod p
and
a(A,G)A\y, (T) — a(A,G|T) #0 mod p

for some A € H,(Z)~o.
Then
H, =,, H, mod p.
Proof. By the assumption, ord,(c;) < 0 and ordy(ce) < 0. Then, the

assertion can be proved using the same argument as in the proof of [18,
Lemma 5.1]. (See also [2, Lemma 6.10].) O

Now we have the following theorem.

Theorem 5.5. For (k,l,1) above, put

229) k = (16,10, 10),

61) k=(16,12,12),
29) k= (20,8,8).

p:

o~~~ =

Then
F =, F5, mod p.

Proof. Put G = G4,. The concrete numerical values used here are
summarized in Table 4. Then we have

G = ClFl + CQFQ with C1,Co € Q

In all three cases, we can check that A\g, (T(q)) — Ar (T'(¢)) is congruent
to 0 modulo p. And a(A1, G)Ar (T(q))—a(A1, G|T(q)) is not congruent
to zero modulo p. Thus by Lemma 5.4, we have

F =, F5, mod p.
O

Remark 5.6. (1) In all the three cases above one of F} and F; is
the (generalized) Ikeda-Miyawaki lift (cf. [23], [15], [2, Theo-
rem 4.3]) and the other is a stable tempered form. This type of
congruence was treated in the scalar-valued case by [13]. In a
subsequent paper [16], we will investigate this type of congru-
ence in more general setting.
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(2) Theorem 5.3 may be also proved using D; 5 3 3. But in that case,
in view of Corollary 4.3, we have to also consider congruence
or non-congruence between cuspidal and non-cuspidal Hecke
eigenforms. The use of ID;_, 52 33 can avoid such an annoying
task.
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